B-Spline Example 1

Expand the equation of a nonperiodic uniform B-spline curve of order 3 in polyno-
mial form. Assume that the control points of the curve are P,, P, and P,.

ANSWER
From Equation (6.35), the knot values ¢, are

t,=0, =0, =0, =1 =1, =1

and the parameter u ranges from O to 1. Let’s use Equation (6.33) to obtain the
blending functions of order 1, Ni,1(“):

Noa(uw) = {:) ?ﬂi :wﬁlst; (u=0)
Ny () = :) : ﬂi:;srz (u=0)
N;,(u) = {:) | ;3;;‘; S’; (u=1)
Ny ()= {; ::ﬂi:wz’: (u=1)



From among No,l(”)’ N1,1(“)’ and N2,1(“)s we choose Nz‘l(u) to be the blending
function having nonzero value at u = 0. Similarly, we choose N, ;(x) from among
Nz,l(u), N3,1(u), and N 4,1(") to be the blending function having nonzero value at u# =
1. Thus N, , (1) becomes the only nonzero blending function of order 1 in the para-
meter range [0,1] and has a constant value of 1 over the entire range.

Thus we obtain the nontrivial blending functions of order 2 from Equation
(6.32) as follows:13 '

(u—1)N,, N (s —wNyy _ A-w)N,,

Ny, ()=

t2—tl t3"‘t2 1
=(1-u)
u—1t,)N. ty —u)N ulN.
Nz,z(u)=( 2) 2,1 +(4 ) 3,1 — 2,1
t3_t2 t4—t3 l

=U



Similarly, we get the blending functions of order 3, N, ;(u):

(u—1,)Ng, (t5—u)N;, (—u)N |
No () = 0/No2 | 13 12 _ 1,2 =(l—u)2
t3 —tl t4 _tz 1 ’
—1,)N t, —u)N.
N, ;(u)= (=) + (ta —1)N2 =u(l—uw)+(1—wu=2u(l-u)
’ t3 "tl t4 -t2
(u—1,)N (ts —u)N
Ny () = 2)M22  Us 3,2

Then the expanded equation of the B-spline curve is
P(u) = (1 —u)’Py+ 2u (1 - u)P, + u’P, (6.36)

The equation of the Bezier curve defined by the control points P, P, and P,
can be expanded as

2
P(u)=(2) u°(1~u)2P0+(2) ul(l—u)1P1+( ) u?(1-u)’P,
0 0 1 1 2 2

=(1-u)*Py +2u(l—u)P, +u’P,

(6.37)

Comparing Equations (6.36) and (6.37) shows that the nonperiodic, uniform
B-spline curve of order 3 defined by the control points Py, P, and P, is the same
as the Bezier curve defined by the same control points. Thus, in general, we can
say that a nonperiodic, uniform B-spline curve is the same as the Bezier curve de-
fined by the same control points if order k equals the number of the control points
(n + 1). In other words, a Bezier curve is simply a special case of a B-spline curve.



B-Spline Example 1

Expand the equation of a nonperiodic, uniform B-spline curve of order 3 defined by
the control points P, P,, .. ., P5 in polynomial form and show its local modifica-
tion capability.

ANSWER
From Equation (6.35), the knot values 7, are

t,=0, =0, 1,=0, =1, =2, =3, =4 =4 (=4

and the parameter u will range from 0 to 4. Let’s use Equation (6.33) to obtain the
blending functions of order 1, N, ,(u):

1 0<u<l
Na ()= {O otherwise
1 1Su<?2
N3 ) = {0 otherwise
1 2<u<3
- Nay@= {0 otherwise
1 3<u<4
N5 (u) = {O otherwise



We ignore N ,(x) and N, ,(u) by choosing Nz,i(u) to be the only nonzero blending
function at u = 0. Similarly, we ignore Ns,l(“) and Nn(u). Now we obtain the non-

trivial blending functions of order 2 from Equation (6.32) as follows:

(u—1,)Ny, N (13 —u)N,

N, ,(u) = =(1-u)N
1200 h—h I3=1 (=il
(u—1t,)N. (t, —u)N
Ny, (u)= 27 21, 24 2L = uN, ; +(2—u)Ns,
t3 - tz t4 - t3
(u—1)Ns;  (ts —u)N
Ny, (u)= 37 31, 23 L =(w-1)N3, +B-uwN,,
(u—t,)N (tc —u)N
Ny (u) = ——2—2L 4 = 2 = (u—2)N,; + (4~ u)Ns,
(u—t)Ns, (t,—u)N
N5’2 (u) = 2 2.1 + i 6.1 = (u - 3)N5,1

Ig — 15 I =1



Similarly, we get the blending functions of order 3, N i3():

=1)No» (ts—)N
Nos(u) = i == (1=u)N; , = (1-u)* N,
t, — 1 ty —1,
-1t,)N t, —u)N. -
Ny 3 () = (u—1)N, , N (ty —u)N, 5 —uN,, + 2—u Ny,
-  ENY.
= [:u(l —uy+ & ”)“]Nm Gl Ns,
(u—1,)N (ts —u)N u 3—u
N, (1) = 222 Us 32 _ 1 Ny, + N,
2 B B B 2
=u7N2’1 . [u(22 1) . (3 u;(u 1)]]\/3'1 N (3—u) N,



u—1t)N te —u)N — _
N3,3(U)=( 3) 3’2"‘(6 ) 42 - 2 1N3,2+4 uN42
12 _ _ _ _ N2
=(u 1) N3’1+[(u D3 u)+(4 u)z(u 2)]N4,1+(4 7)) Ns,
(u—1,)N (t; —u)N u—2
Nys(u)=—2"22 4 27 22 - Ny, +(4—u)Ns,
t6"t4 t7""t5 2 ’
~2)? —-2)(4 -
= (u > ) N4,1+[(u )2( u)+(4—~u)(u—3)jIN5,1

g — )N »

Ns4(u) =
53 ty 15

(u—'ts)Ns’z + (t

=(u-3)Ns, =(u-3)*N;s,

Ig — g



Then the expanded equation of the B-spline curve is

2
P(u) = (1—u)* N, P, + {[u(l —uy+ ;”)”]Nz,l + 2 ;”) Ns, }Pl

(2 2
N N2'1+|:u(22-—u)+(3—u)2(u—1):|N3’1+(3—2u) N4'1}P2

A

( 2 2
(u—1) Ny, + [(u - 1)2(3 —u) (4 u)2(u - 2)] N, + (4 -u) NS,I}P:S (6.38)

{ 2
LJw=2) N, +[(u_2)2(4—u) +(4—u)(u—3)]N5.1}P4

+(u—3)*Ns,Ps



