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1 Introduction

Flow processes in rarefied gases, that is at Knudsen num-
bers above 0.02 (say), cannot be described by the classical
Navier-Stokes and Fourier laws, since rarefaction effects
occur. Rarefied flows are well described by the Boltzmann
equation [1, 2, 3, 4], but the solution of the Boltzmann
equation is numerically expensive. Macroscopic trans-
port equations for rarefied gas flows promise numerically
cheaper simulations of rarefied flows.

Macroscopic equations can be derived from the Boltz-
mann equation by several methods. The classical
Chapman-Enskog method yields the Burnett and super-
Burnett equations [3, 2, 4], which, however, are unsta-
ble [5, 6], and thus cannot be used in practical appli-
cations. Another classical approach is Grad’s moment
method which in particular yields the well-known 13 mo-
ment equations [7, 8]. In the last decade several authors
developed other models, including the augmented Burnett
equations [9], the regularized Burnett equations [10], the
hyperbolic Burnett equations [11], consistently ordered ex-
tended thermodynamics [12], and the regularized 13 mo-
ment equations (R13 equations) [13, 14]. The R13 equa-
tions can be derived by a careful consideration of the Knud-

sen order of magnitude of all terms appearing in the equa-
tions [15, 16], they are of super-Burnett order and avoid the
stability problems associated with the Burnett-type equa-
tions. The same ordering method shows that Grad’s 13
moment equations are the proper equations of second or-
der for Maxwell molecules [15], while one obtains a variant
of the Grad equations for other molecule types [16, 4].

The different methods to derive the equations and the
merits and problems of the various sets of equations are
discussed in the cited references, see Ref. [4] for a com-
prehensive review. All of the mentioned sets of equations
go beyond the Navier-Stokes-Fourier (NSF) system, and
include the NSF equations in the limit of small Knudsen
numbers.

The solution of the NSF equations requires boundary
conditions for velocities and temperature, while the higher
order models require additional boundary conditions for
gradients of velocity and temperature, or for stresses and
heat flux. The derivation of meaningful boundary con-
ditions is a major obstacle that needs to be overcome in
order to render any of the higher order models into a useful
engineering tool. Since the macroscopic equations follow
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from the Boltzmann equation, one will expect that the
boundary conditions for the macroscopic equations can be
derived from the boundary conditions for the Boltzmann
equation, which are readily available [1].

In the present paper we discuss this problem for Grad’s
13 moment equations applied to Couette flow. The solu-
tion of the equations requires jump and slip boundary con-
ditions for temperature and velocity and additional bound-
ary conditions for the normal stress. We shall discuss how
these can be derived from the boundary conditions for the
Boltzmann equation. Our main results and simulations
were presented in Thatchers masters thesis [17].

Under some restrictive assumptions one can solve Cou-
ette flow with Grad’s equations with boundary conditions
for temperature and velocity only. Marques and Kre-
mer presented an analytical solution of the Grad 13 equa-
tions with jump and slip, under the additional condition
of constant pressure [18]. Their results show good agree-
ment with DSMC simulations for Knudsen numbers up
to Kn = 0.25. Liu and Rincon, using an iterative ap-
proximation method, found a similar solution numerically
[19]; they were not interested in incorporating jump and
slip. Similar methods are presented in Refs. [20] and [21].
Solutions of the Burnett equations with ad-hoc bound-
ary conditions for normal stresses were presented in [23].
The results differed considerably from exact solutions of
the Boltzmann equation as the Knudsen number became
larger, which indicates problems with the boundary con-
ditions. An expansion of the Grad equations in Couette
geometry yields the second order bulk equations that re-
quire only jump and slip boundary conditions [17, 22, 4].

The remainder of the paper is organized as follows. Sec-
tion 2 introduces the 13 moment equations. The equations
are reduced for the geometry of Couette flow. For compar-
ison, the Navier-Stokes-Fourier (NSF) equations and the
second order bulk equations are presented as well. Bound-
ary conditions for the moment equations are discussed in
Section 3. We present a standard derivation of the velocity
slip and temperature jump boundary conditions, and use
the same method to find an additional boundary condition
for normal stresses. Numerical results are presented and
discussed in Section 4, where we compare results to DSMC
(Direct Simulation Monte Carlo) computations. The paper
ends with our conclusions.

2 Grad’s 13 moment equations for Couette flow

2.1 Grad 13 equations

We consider monatomic ideal gases described on the micro
level by the phase density f (xi, t, ci) which gives the num-
ber density of particles in the phase space element dxdc.
Here, xi, t denote space and time variables, respectively,
and ci is the velocity of a particle of mass m. The phase
density is governed by the Boltzmann equation [1, 2, 3, 4],

∂f

∂t
+ ck

∂f

∂xk
= S (f) , (1)

where the collision term S (f) accounts for the change of
the phase density due to collisions among particles.

Once the phase density is known, one may calculate its
moments, for instance the mass density ρ, the momentum
density ρvi and the density of internal energy ρε, given by

ρ = m

∫
f dc ,

ρvi = m

∫
cif dc , (2)

ρε =
3
2
ρθ =

3
2
p =

m

2

∫
C2f dc .

Here, θ = k
mT is the temperature in energy units (k is

Boltzmann’s constant, m is particle mass, T is thermody-
namic temperature) and vi is the macroscopic velocity of
the gas. The pressure obeys the ideal gas law, p = ρθ and
Ci = ci − vi is the peculiar velocity.

Grad’s moment method [7] is based on the assumption
that the state of the gas is satisfactorily described by a
set uA = m

∫
ψAfdc of moments of the phase density.

Moment equations result from multiplying the Boltzmann
equation by ψA and integration over c. If the ψA depend
only on the microscopic velocity ci the moment equations
assume balance type form,

∂uA

∂t
+

∂FAk

∂xk
= PA (3)

with

FAk = m

∫
ψAckfdc , PA = m

∫
ψAS (f) dc .

The variables in Grad’s 13 moment equations follow ei-
ther from ψA =

{
1, ci,

1
2c2, c〈icj〉, 1

2c2ci

}
, or the equivalent

choice ψ̄A =
{
1, Ci,

1
2C2, C〈iCj〉, 1

2C2Ci

}
[4]. Thus, the

relevant variables in Grad’s 13 moment theory are the hy-
drodynamic variables ρ, vi, and ε and the deviatoric pres-
sure tensor σij (with σij = σji and σkk = 0), called stress
from now on, and heat flux qi, given by

σij = m

∫
C〈iCj〉f dc , qi =

m

2

∫
C2Cif dc . (4)

Indices in angular brackets indicate the symmetric and
trace-free part of a tensor [4].

The equations for the moments follow by multiplication
of the Boltzmann equation with ψA or ψ̄A and subsequent
integration over velocity space. The resulting equations
contain the fluxes FAk and the collision integrals PA which
are not a priori related to the moments. For the closure of
the equations, Grad constructed a phase density by means
of an expansion around local equilibrium, where the phase
density is a Maxwellian fM , as [7, 8]

f13 = fM

(
1 +

σjk

2ρθ2
CjCk − qk

ρθ2
Ck

(
1− 1

5
C2

θ

))
. (5)

with the Maxwellian

fM =
ρ

m

√
1

2πθ

3

e−
C2
2θ . (6)
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The resulting moment equations are the conservation laws
for mass, momentum and energy,

Dρ

Dt
+ ρ

∂vk

∂xk
= 0 ,

ρ
Dvi

Dt
+ θ

∂ρ

∂xi
+ ρ

∂θ

∂xi
+

∂σik

∂xk
= ρGi (7)

3
2
ρ
Dθ

Dt
+ ρθ

∂vk

∂xk
+

∂qk

∂xk
+ σkl

∂vk

∂xl
= 0 ,

plus the moment equations for stress (with the production
terms for Maxwell molecules [4])

Dσij

Dt
+

4
5

∂q〈i
∂xj〉

+2σk〈i
∂vj〉
∂xk

+σij
∂vk

∂xk
+2ρθ

∂v〈i
∂xj〉

= − p

µ
σij ,

(8)

Dqi

Dt
+

5
2
ρθ

∂θ

∂xi
+

5
2
σik

∂θ

∂xk
−σikθ

∂ ln ρ

∂xk
−σik

ρ

∂σkl

∂xl
+θ

∂σik

∂xk

+
7
5
qi

∂vk

∂xk
+

7
5
qk

∂vi

∂xk
+

2
5
qk

∂vk

∂xi
= −2

3
p

µ
qi . (9)

Here, D/Dt = ∂/∂t+vk∂/∂xk is the material time deriva-
tive and µ = µ0 (θ/θ0) denotes the viscosity of Maxwell
molecules; µ0 is a viscosity at reference temperature θ0.
Note that we have written the equations for the moments
of ψ̄A, in which the equations are not of the form (3).

By means of a Chapman-Enskog expansion to first order
in the Knudsen number Kn = µ

√
θ

pL one can recover the laws
of Navier-Stokes and Fourier [4],

σij = −2µ
∂v〈i
∂xj〉

, qi = −15
4

µ
∂θ

∂xi
. (10)

2.2 Couette geometry and conservation laws

Plane Couette flow is a simple steady state flow where rar-
efaction effects such as velocity slip, temperature jumps,
and Knudsen boundary layers can be studied. Two in-
finite parallel plates at constant distance L move with
the constant velocities v0

W , vL
W relative to each other in

their respective planes, and are kept at constant temper-
atures θ0

W , θL
W . The coordinate frame is chosen such that

the planes move into the direction x = x1, and y = x2

is the direction perpendicular to the plates. We chose a
frame where v0

W = 0 and assume equal wall temperatures,
θ0

W = θL
W = θW .

Due to the symmetry of the problem, all variables will
depend only on the coordinate y. Since the walls are im-
permeable, the velocity of the gas must point into the x-
direction, that is

vi = {v (y) , 0, 0}i and thus
∂vk

∂xk
= 0 ,

D

Dt
= 0 .

Furthermore, since the set-up is independent of the third
space coordinate, z = x3, neither stress nor heat flux
should be associated with that direction, so that σ13 =

σ23 = q3 = 0, and

σij =




σ11 (y) σ12 (y) 0
σ12 (y) σ22 (y) 0

0 0 −σ11 (y)− σ22 (y)




ij

qi = {q1 (y) , q2 (y) , 0}i . (11)

The macroscopic description is based on the conservation
laws (7) which here reduce to

0 = 0 ,
dσ12

dy
= 0 ,

dρθ

dy
+

dσ22

dy
= 0 ,

dσ32

dy
= 0 ,

dq2

dy
= −σ12

dv

dy
.

The first and fourth equation are trivial, and two of the
remaining three can be integrated so that the conservation
laws assume the form

σ12 = const. , ρθ + σ22 = P0 = const. , q2 + σ12v = const.
(12)

Three boundary conditions are required to determine the
three constants of integration in (12).

The further evaluation depends on the laws considered
for σij and qi.

2.3 Navier-Stokes-Fourier

In Couette geometry, the NSF equations (10) reduce to

σ12 = −µ
dv

dy
, q2 = −15

4
µ

dθ

dy
, (13)

all other components of stress σij and heat flux qi vanish.
From (12) follows that the pressure is constant, ρθ = P0,
and the two other conservation laws assume the form

−µ
dv

dy
= σ12 , µ

d

dy

(
µ

dθ

dy

)
= −4σ2

12

15
; (14)

recall that by Eq. (12) σ12 is constant. The solution of
these equations requires jump and slip boundary condi-
tions for temperature and velocity. Moreover, an addi-
tional condition is required to determine the pressure P0;
this constant follows from the constant mass (per unit
area) between the walls as, see (12)2,

M =
∫ L

0

ρdy = P0

∫ L

0

dy

θ
. (15)

2.4 Grad 13 equations for Couette flow

The Grad 13 equations in Couette geometry read

P0
dv

dy
+

2
5

dq1

dy
= −ρθ

µ
σ12,

−6
5
σ12

dv

dy
= −ρθ

µ
σ22,

7
5
q2

dv

dy
+

7
2
σ12

dθ

dy
= −2

3
ρθ

µ
q1,(16)

2
5
q1

dv

dy
+

(
5
2
P0 + σ22

)
dθ

dy
+ θ

dσ22

dy
= −2

3
ρθ

µ
q2.
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Moreover, one finds σ11 = − 4
3σ22.

The determinant of the matrix of coefficients in (16) is

det




P0 0 0 2
5

− 6
5σ12 0 0 0
7
5q2

7
2σ12 0 0

2
5q1

5
2P0 + σ22 θ 0


 =

42
25

σ2
12θ . (17)

This is non-zero, as long as σ12 6= 0. Therefore the dif-
ferential equations are linearly independent, and their so-
lution requires seven boundary conditions: four for (16)
plus three for the conservation laws (12). We shall con-
sider jump and slip boundary conditions for temperature
and velocity, and additional boundary conditions for nor-
mal stress σ22. The constant P0 follows again from the
constant mass between the walls as, see (12)2,

M =
∫ L

0

ρdy =
∫ L

0

P0 − σ22

θ
dy . (18)

Grad, in Ref. [8], states that the linearized 13 moment
equations need as many boundary conditions as the NSF
equations. His argument is based on the characteristic
speeds of the linearized equations, which have 6 non-zero
roots and a triple zero root. Only non-zero characteristics
require boundary conditions, and Grad states that these
are: (1,2) slip at both walls, (3,4) temperature jump at
both walls, (5) average mass between the walls, (6) zero
normal velocity (this was imposed in the steady state equa-
tions above already).

Indeed, linearizing the Grad 13 equations for steady-
state Couette flow (16) over an equilibrium reference state
given by ρ0, θ0, and vi|0 = σij|0 = qi|0 = 0 yields

σ12 = −µ0
dv

dy
, σ22 = 0 , q1 = 0 , q2 = −15

4
µ0

dθ

dy
.

(19)
These are just the (linearized) NSF equations for the Cou-
ette flow problem. This shows that also in steady state
the linearized Grad equations require as many boundary
conditions as NSF.

In this paper, however, we consider the non-linear 13
moment equations and these require two additional bound-
ary conditions. While we did not compute the character-
istic speeds of the non-linear time-dependent system, we
infer that the non-linear equations have 8 non-zero char-
acteristic speeds, and only one zero root. In linearization,
two of the non-zero roots degenerate to zero roots.

2.5 Bulk equations

When the Grad 13 moment equations for Couette flow are
considered only within second order terms in the Knudsen
number, they can be reduced to the so-called bulk equations
[17, 22, 4],

σ12 = −µ
∂v

∂y
, σ22 = −6

5
σ12σ12

P0
,

q1 =
7
2

σ12q2

P0
, q2 = −15

4
µ

dθ

dy
. (20)

These are the essentially NSF equations with two addi-
tional equations for normal stress σ22 and parallel heat
flux q1. The solution of the bulk equations requires jump
and slip boundary conditions for temperature and velocity,
but no additional boundary conditions for normal stress.
Indeed, one can solve the NSF system first (with second
order jump and slip conditions), and then use the result
to compute the rarefaction quantities σ22 and q1. Note in
particular that the heat flux q1 is not driven by a temper-
ature gradient.

The bulk equations can also be found from the Burnett
equations under omission of some higher order terms, see
the appendix of Ref. [22] for details. The heat flux par-
allel to the wall is reported in Ref. [18] with a different
coefficient, as 39

5
σ12q2

P0
, probably due to an oversight in the

derivation.

3 Jump and slip boundary conditions

3.1 Basic considerations

The simplest model for the boundary conditions of the
Boltzmann equation is due to Maxwell. While more refined
models are available, Maxwell’s boundary conditions are
widely used, and are well suited for our study. According
to Maxwell, the boundary condition for the phase density
reads

f̄ =





χfW + (1− χ) fN

(−CW
k nk

)
, CW

k nk ≥ 0

fN

(
CW

k nk

)
, CW

k nk ≤ 0 .
(21)

Here, χ is the accommodation coefficient, nk is the wall
normal pointing into the gas, and

fW =
ρW

m

√
1

2πθW

3

exp
[
− C2

W

2θW

]
(22)

is the wall Maxwellian; fN denotes the phase density of
the incoming particles (CW

k nk ≤ 0) and fN

(−CW
k nk

)
de-

notes the distribution of specularly reflected particles. The
boundary condition state that the fraction χ of the parti-
cles that hit the wall thermalize, and leave the wall in
a Maxwellian distribution (described by temperature and
velocity of the wall), while the remaining fraction is spec-
ularly reflected.

We use Fig. 1 to study the boundary conditions on the
level of moments. For this we integrate the moment equa-
tion for a moment uA =

∫
ψAf dc in divergence form (3)

over the volume ∆V = ∆A∆x, to obtain

d

dt

∫

∆V

uAdV +
∮

∂∆V

FAkn̄kdA =
∫

∆V

PAdV ,

where ∂∆V denotes the surface of ∆V , and n̄k its outer
normal. For the following, we assume that the surface
element ∆A is so small that moments and fluxes do not
vary on ∆A. The volume integrals vanish in the limit

4



Figure 1: The phase density in front of a wall at tem-
perature θW with velocity vW . f (∆x) denotes the phase
density in distance ∆x from the wall.

∆x → 0 which thus gives
(
F̄Ak − FN

Ak

)
nk∆A = 0 . (23)

The fluxes are defined in the rest frame of the wall, as

F̄Ak =
∫

ψACW
k f̄ dc , FN

Ak = lim
∆x→0

∫
ψACW

k f (∆x) dc .

(24)
Any accurate solution of the Boltzmann equation with the
Maxwell boundary condition will fulfill condition (23) for
all moments, since by definition lim∆x→0 f (∆x) = fN (for
CW

k nk ≤ 0).
The collisions between particles and wall change the

phase density, so that the distributions of incoming and
outgoing particles will be very different. Most importantly,
the phase density directly at the wall, f̄ , will be discontin-
uous in velocity space unless thermal equilibrium prevails.
Collisions will relax this discontinuity within a layer of few
mean free paths away from the wall, the so-called Knudsen
layer.

Grad’s distribution (5) is not well suited to describe the
discontinuous distribution (21) at the wall, and one will
expect some difficulties for the Grad equations to describe
the gas close to the wall, and in the Knudsen layer. Nev-
ertheless, we shall assume fN = f13.

The particle velocity ci, the particle velocity relative to
the wall CW

i , and the peculiar velocity Ci are related by

CW
i = ci− vW

i = Ci +Vi , CW
i ni = cini− vW

i ni = Cini .

Vi = vi − vW
i denotes the slip velocity, which is parallel to

the wall, Vknk = 0.
The computations for this chapter require half-space in-

tegrals of Maxwellian distributions and of Grad’s 13 mo-
ment distribution which can be found in [24, 4]. Gas parti-
cles do not accumulate at the walls, and the corresponding
condition for conservation of mass follows from (23) for
ψA = 1, as

ρW =
p + 1

2σiknink√
θW θ

. (25)

To find boundary conditions we consider Eq. (23) for the
following choices for ψ:
(a) momentum parallel to the wall, measured in the rest
frame of the wall,

ψ‖ci
= CW

i − niC
W
r nr = Ci − niCrnr + Vi ,

(b) energy

ψ 1
2 c2 =

m

2
C2

W =
m

2
(
C2 + 2ViCi + V 2

)
,

(c) momentum perpendicular to the wall, measured in the
rest frame of the wall

ψ⊥ci
= CW

r nr = Crnr .

The resulting jump and slip conditions are

Vi =
− 2−χ

χ

√
π
2

√
θ (σiknk − niσjknjnk)

ρθ + 1
2σiknink

−
1
5 (qi − ninjqj)
ρθ + 1

2σiknink

, (26)

θ − θW =
V 2

4
−

2−χ
χ

1
2

√
π
2

√
θqknk + 1

4θσiknink

ρθ + 1
2σiknink

,

σiknink =
− 2−χ

χ
2
5

√
2
π qknk +

(√
θW −

√
θ
)

ρθ
√

θ − 1
2

√
θW

.

Note that the tangential stress (σiknk − niσkrnknr) and
the normal heat flux qknk vanish for χ → 0—there are
no shear stresses at an elastically reflecting wall, and it
is adiabatic. The equations (26)1,2 can be found in Ref.
[8], Eqs. (29.27, 29.29) with aM = αE , where, however,
the term 1

4V 2 is missing. This term describes a significant
contribution to the temperature jump that needs to be
considered in a second order theory [22, 4].

3.2 Knudsen layer correction

As stated above, it cannot be expected that the Grad dis-
tribution gives an accurate description of the gas close to
the wall, i.e. in the Knudsen layer. Accordingly, the calcu-
lations of jump and slip conditions will not be exact. The
simplest way to account for the additional contributions is
to introduce correction factors αω, βω, γω (ω = 1, 2) into
the boundary conditions, so that

Vi =
−α1

2−χ
χ

√
π
2

√
θ (σiknk − niσjknjnk)

ρθ + 1
2σiknink

−α2
1
5 (qi − ninjqj)

ρθ + 1
2σiknink

, (27)

θ − θW =
V 2

4
−

β1
2−χ

χ
1
2

√
π
2

√
θqknk + β2

1
4θσiknink

ρθ + 1
2σiknink

,

σiknink =
−γ1

2−χ
χ

2
5

√
2
π qknk + γ2p

(√
θW −

√
θ
)

√
θ − 1

2

√
θW

.
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The derivation of the previous section, which ignores
Knudsen layer corrections, gives α1 = α2 = β1 = β2 = 1.
Many authors have computed these coefficients for the NSF
equations, mostly from numerical solutions of the Boltz-
mann equation, or of related kinetic models, see, e.g., [25].
Sharipov and Seleznev give a detailed overview of the liter-
ature [26, 27]. Typical values for the coefficients, computed
with diffusive boundary conditions, i.e. χ = 1, are [27, 25]

α1 = 1.114 , α2 = 1.34533 , β1 = 1.127 .

Values for β2 are not available, and we shall use β2 = 1.
Considering the relative simplicity of the above argument,
it is remarkably successful, since it describes the effects
leading to slip and temperature jump quite well.

3.3 Maxwell-Smoluchowski boundary conditions

In order to obtain jump and slip conditions for the Navier-
Stokes-Fourier theory, stress and heat flux must be re-
placed by the NSF laws (10). To simplify notation, the
derivative in normal direction is introduced as ∂

∂n = nk
∂

∂xk
,

and the tangential derivative as ∂
∂τi

= ∂
∂xi

− ni
∂

∂n . More-
over, the velocity is split into its tangential and normal
parts, vi = vτ

i + nivn. Note that vn = 0 directly at the
wall, which implies ∂vn

∂τk
= 0, but not ∂vn

∂n = 0.
Since the NSF equations are of first order in the Knudsen

number, normally only the leading order terms of (27) are
considered,

Vi =
2− χ

χ
α1

√
π

2
µ

ρ
√

θ

∂vτ
i

∂n
+

α2

2Pr
µ

ρθ

∂θ

∂τi
, (28)

θ − θW =
2− χ

χ

5β1

4Pr

√
π

2
µ

ρ
√

θ

∂θ

∂n
+ β2

1
6

µ

ρ

(
2
∂vn

∂n
− ∂vτ

r

∂τr

)
.

These are the well-known Maxwell-Smoluchowski jump
and slip boundary conditions for the NSF equations. A
slip velocity occurs due to a velocity gradient normal to
the wall (classical slip), or due to a temperature gradient
along the wall (thermal creep, thermal transpiration [28]).
Recently it was suggest to include higher order contribu-
tions into the jump and slip boundary conditions for NSF
[29].

A temperature jump results from a temperature gradi-
ent perpendicular to the wall, or due to velocity gradients.
The velocity effects are usually ignored in the literature,
probably because they are very small, and cannot be con-
trolled in experiments.

3.4 NSF solution (as reference)

We solve the NSF equations for Couette flow, where the
boundary conditions (28) reduce to

v − vα
W =

2− χ

χ
α1

√
π

2
µ
√

θ

P0

dv

dy
nα ,

θ − θW =
2− χ

χ

15
8

β1

√
π

2
µ
√

θ

P0

dθ

dy
nα , (29)

with α = 0, L and n0 = −nL = 1. Recall that the viscosity
is a function of temperature alone, µ = µ (θ).

We consider a somewhat linearized version of the equa-
tions by assuming only small temperature variations
around θW . Then the viscosity can be assumed to be con-
stant, µ = µ (θW ), and the equations read

dv

dy
= a = const. ,

d2θ

dy2
= − 4

15
a2 , (30)

with the linearized boundary conditions

v − vα
W =

2− χ

χ
α1

√
π

2
KnaLnα ,

θ − θW =
2− χ

χ

15
8

β1

√
π

2
KnL

dθ

dy
nα , (31)

where Kn = µ (θW )
√

θW / (P0L) is the Knudsen number.
The equations (30) with the boundary conditions (31)

are easy to integrate, and the result can be written as

v =
vL

w

2
+ a

(
y

L
− 1

2

)
, a =

(
vL

w − v0
w

)

1 + 2−χ
χ

√
2πα1Kn

,

θ = θW +
2− χ

χ

β1

4

√
π

2
Kna2 +

Pr
5

a2 y

L

(
1− y

L

)
,

σ12 = −Kn
P0a√
θW

, q2 = Kn
P0a

2

√
θW

(
y

L
− 1

2

)
. (32)

The solutions are symmetric with respect to y = L
2 , veloc-

ity v and heat flux q2 are straight lines, while the tempera-
ture θ is a parabola, and, of course, σ12 is a constant. The
temperature rises due to heating by friction, and is largest
at y = L

2 .
It is instructive to study temperature jump and slip in

this case. Due to the symmetry, it suffices to consider both
at y = 0, where

v0 − v0
W =

2− χ

χ

√
π

2
α1Kna ,

θ0 − θ0
W =

9
16

2− χ

χ

√
π

2
β1Kna2 . (33)

Obviously, the Knudsen number strongly affects jump and
slip. In the limit Kn → 0, jump and slip vanish, v0 = v0

W ,
θ0 = θ0

W . As the Knudsen number grows, the slip grows

and approaches vL
w−v0

w

2 as Kn →∞. In the latter case, the
velocity is constant throughout the domain, a = 0, which
reflects that particles do not interact anymore. Thus, there
is no frictional heating (q2 = 0), and the temperature is
constant at θW .

At small Knudsen numbers, jump and slip can be ig-
nored, but they play a considerable role as the Knudsen
number grows. Note also their dependence on the shear
rate a.

The bulk equations (20) can be used to compute the
second order (in Kn) contributions to σ22 and q1 under
the same simplifying assumptions as

σ22 = −6
5
Kn2 P0a

2

θW
, q1 = −7

2
Kn2 P0a

3

θW

(
y

L
− 1

2

)
. (34)
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We emphasize that both quantities are zero for the NSF
equations, their non-zero values describe rarefaction effects
which become only visible when the Knudsen number is not
small. Note also the dependence on the shear rate a which
indicates that σ22 and q1 might assume measurable values
for large shear rates, even at smaller Knudsen numbers.

3.5 σnn boundary condition

From the Chapman-Enskog expansion and the bulk solu-
tion it is known that for Couette flow q2 and σ12 are of first
order in the Knudsen number and q1 and σ22 are of second
order. This implies, as stated before, that for Couette flow
with the NSF equations one finds σ22 = 0. The bound-
ary condition for σ22 should be in accordance with this,
that is the boundary condition (27)3 should be of second
order. This requirement can be used to determine one of
the correction parameters γ1, γ2.

We proceed by expanding the boundary conditions
in the Knudsen number. For this, the order of mag-
nitude of the moments is made explicit by writing{
εσ12, εq2, ε

2σ22, ε
2q1

}
instead of {σ12, q2, σ22, q1}, where

ε is a scaling parameter that stands for the Knudsen num-
ber (the Knudsen number would appear in a dimension-
less formulation, see [4]). Then, in Couette geometry, the
boundary conditions (27) read

V =
− 2−χ

χ α1

√
π
2 θεσ12n2 − α2

5 ε2q1

p + 1
2ε2σ22

,

θ − θW =
V 2

4
−

2−χ
χ

β1
2

√
π
2 θεq2n2 + β2

4 θε2σ22

p + 1
2ε2σ22

, (35)

ε2σ22 =
− 2−χ

χ
2γ1
5

√
2
π εq2n2 + γ2p

(√
θW −

√
θ
)

√
θ − 1

2

√
θW

.

These equations are now expanded to second order in ε;
the jump and slip conditions (35)1,2 reduce to

V = −ε
2− χ

χ
α1

√
π

2
θ
σ12n2

p
− ε2α2

1
5

√
θ

q1

p
√

θ
,

θW

θ
= 1 + ε

2− χ

χ

β1

2

√
π

2
q2n2

p
√

θ
+ ε2 β2

4
σ22

p

−ε2

(
2− χ

χ

)2

α2
1

π

8

(
σ12n2

p

)2

.

By expanding the square root of the second equation we
find

√
θW

θ
= 1 + ε

2− χ

χ

β1

4

√
π

2
q2n2

p
√

θ
+ ε2 β2

8
σ22

p

− ε2

(
2− χ

χ

)2
π

16

[
α2

1

(
σ12n2

p

)2

+
β2

1

4

(
q2n2

p
√

θ

)2
]

which then is used in the expansion of the equation for σ22

to obtain

ε2 σ22

p
= ε

2− χ

χ

4
5

√
2
π

[
5π

16
γ2β1 − γ1

]
×

q2n2

p
√

θ

(
1 + ε

2− χ

χ

β1

4

√
π

2
q2n2

p
√

θ

)

+ ε2γ2

{
β2

4
σ22

p

}

−ε2γ2

{(
2− χ

χ

)2
π

8

[
α2

1

(
σ12n2

p

)2

+
β2

1

4

(
q2n2

p
√

θ

)2
]}

.

The first order contributions vanish when the square
bracket in the first line is zero, that is for

γ1 =
5π

16
γ2β1 . (36)

With this choice, the leading (i.e. second order in Kn)
term of the boundary condition for σ22 becomes

σ22

p
= −

(
2− χ

χ

)2
π

2
γ2α

2
1

4− γ2β2
×

[(
σ12n2

p

)2

+
β2

1

4α2
1

(
q2n2

p
√

θ

)2
]

. (37)

The complete boundary condition for σ22 follows from Eq.
(35)3 together with the relation (36) as

σ22 = γ
− 2−χ

χ
1
4

√
π
2 β1q2n2 + p

(√
θW −

√
θ
)

√
θ − 1

2

√
θW

, (38)

where we replaced γ2 = γ.

4 Computations

4.1 Numerical method

Grad’s 13 moment equations form a hyperbolic system of
PDE’s. In order to solve them with slip and jump condi-
tions for velocity, temperature and normal stress we use a
method provided by Liotta et al. [31]. These authors ex-
tended the Nessyahu-Tadmor scheme for hyperbolic con-
servation laws [32] to balance laws of relaxation type.

Steady state solutions were obtained by time stepping
into equilibrium. The method requires the time dependent
equations in balance law form (3), the appropriate form of
the Grad equations for Couette flow is given in Appendix
A. Note that, in order to have proper solutions, normal
velocity v2 (which is zero in steady state) and stress σ11

(which is equal to − 4
3σ22 in steady state) must be included

into the set of independent variables.
Moments that do not have explicit boundary conditions

were assumed to follow the moment equations. For these,
the only change that needed to be made was to ignore
the method’s minmod-reconstruction at the boundary and
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chose the finite difference immediately next to the bound-
ary [17].

The numerical results presented below were obtained on
a grid with 100 space steps. As recommended in [31] the
time step was chosen (by trial and error) as large as pos-
sible, close to the stability limit. We used the explicit
version of the scheme (UCS2), which requires small time
steps. The computations require about 100 seconds on a
1.7 GHz Laptop.

Bulk equations and NSF equations were solved by means
of a finite volume scheme [17].

4.2 Non-linear transition layer vs. Knudsen layer

The computational results depend on the factor γ in
Eq. (38). Figure 2 shows the results for the choice γ = 1.3
with Knudsen number Kn = 0.05 and a velocity differ-
ence of vL

W − v0
W = 400m

s . The individual plots show re-
sults for the important variables according to the numerical
solution, compared to DSMC solutions and a solution of
the bulk equations (20) with second order jump and slip
boundary conditions.

We observe an excellent agreement between all three
curves for density, velocity, temperature, and the heat flux
towards the wall, q2. The differences in the data for σ12,
σ22, p are slightly bigger, but below 2.5 %. The DSMC
data shows marked Knudsen layers, in particular in the
results for the heat flux parallel to the wall, q1, and the
normal stress, σ22. Bulk solution and numerical solution
of Grad13 agree well with DSMC data outside the Knudsen
boundary layers, i.e. in the bulk.

The numerical results for the Grad 13 equations show
very narrow boundary layers as well. These transition lay-
ers are not Knudsen layers. Indeed, Knudsen layers usu-
ally are obtained as solutions of the linearized Boltzmann
equation [1, 28, 4]. A typical Knudsen layer is of the form
A exp

[−bx
λ

]
, where A is an amplitude, x is the distance

from the wall, λ is the mean free path, and b is a number
of order unity. Most macroscopic models give some linear
Knudsen layers, but only the R13 equations give a com-
plete set of Knudsen layers for velocity, temperature, stress
and heat flux [4]. The Burnett models give linear Knud-
sen layers only for some quantities and also lead to non-
physical oscillatory solutions [30, 22, 4]. Grad’s 13 moment
equations, however, do not describe linear Knudsen layers.
This can be seen by considering the linearized equations
(19), which agree with the linearized NSF equations: both
have no Knudsen layers. The rarefaction effects that are
described by the Grad 13 equations are due to non-linear
contributions.

Comparison between the Knudsen layers in the DSMC
simulations and the transition layers in the Grad13 solu-
tion clearly shows that the Knudsen layers are markedly
wider than the transition layers. We must consider the
transition layers as artefacts of the Grad 13 equations (and
their boundary conditions), not as effects that relate to the
actual physics.

4.3 Results for γ = 1.5

Since the boundary value for σ22, Eq. (38), depends on
the value of the coefficient γ, the size of the transition
layers depends on γ. Different values of γ produce different
results. Over the range of Knudsen numbers and velocities
tested, we found that γ = 1.5, gives good results, which
are, however, almost identical to those produced from the
bulk equations.

Figure 3 shows results for Kn = 0.05 and a velocity
difference of vL

W − v0
W = 200m

s . The differences between
bulk solution and Grad13 solutions are well below the noise
of the DSMC data. In the bulk of the flow, i.e. outside the
Knudsen layers, we observe excellent match between the
DSMC data, Grad 13 equations, and bulk equations.

As the wall velocity grows, it becomes impossible to pro-
duce reasonable results from the numerical solutions. Fig-
ure 4 shows results for Kn = 0.05 and vL

W − v0
W = 600m

s .
Oscillations at the boundaries disturb the flow in the bulk,
and the results differ considerably from DSMC. Note that
the code is stable, and converges to these results. The
bulk equations, on the other hand, provide an excellent fit
to DSMC data outside the boundary layers.

As the Knudsen number grows, the breakdown of the
results appears at lower velocities. At lower velocities the
numerical G13 solution agrees well with the bulk solu-
tion. Since the Knudsen layers are wider, the differences
to DSMC are more pronounced. Figure 5 shows the results
for Kn = 0.1, 300m

s . At this Knudsen number we could
not obtain reasonable results for higher velocities.

The bulk equations agree surprisingly well with DSMC
even for higher velocities. As an example, Fig. 6 compares
DSMC and bulk solution for Kn = 0.1, vL

W − v0
W = 600m

s .
The figure also shows results obtained from the NSF equa-
tions with first order boundary conditions. We observe
a strikingly good agreement between bulk solution and
DSMC. For this case, due to the large shear rate, non-
linear contributions are more important than the linear
Knudsen layers, and thus the heat flux parallel to the wall,
q1, is well described by the bulk solution. Note that for
NSF q1 = σ22 = 0 (these curves are not shown in the fig-
ure). We also point out that the bulk solution matches the
DSMC temperature maximum in the middle of the channel
very well, while the NSF equations yields markedly lower
temperatures. This difference in temperatures is mostly
due to the term 1

4V 2 in the second order jump condition
(27)2 which does not appear in the boundary condition
(28) that was used for the numerical solution of NSF.

At higher Knudsen numbers, the bulk solution agree less
with the DSMC data, even in the bulk. The reason for
this becomes clear when one remembers that the Grad13
equations are equations of second order in the Knudsen
number [15]. As the Knudsen number grows, higher or-
der effects—Knudsen layers and higher order non-linear
contributions—affect the results. Figure 7 shows a com-
parison of DSMC, bulk equations and NSF. While the bulk
equations agree better with DSMC than NSF, they clearly
differ.
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Figure 2: Couette flow results for Kn = 0.05, vL
W − v0

W = 400m
s for γ = 1.3. Numerical solution of G13 equations

(short dashes/blue), Bulk solution (long dashes/red) and DSMC solution (continuous/black).

5 Conclusions

We have considered Grad’s 13 moment equations for pla-
nar Couette flow. The equations require not only the usual
jump and slip boundary conditions (to second order) for
temperature and velocity, but also boundary conditions for
normal stress. All boundary conditions were derived from
Maxwell’s boundary conditions for the Boltzmann equa-
tion, based on Grad’s 13 moment distribution function.

Numerical solutions show good agreement to DSMC so-
lutions for Knudsen numbers 0.1 and smaller. For larger
Knudsen numbers, and for larger velocities, the numeri-

cal solutions show unphysical oscillations near to the wall
which lead to wrong results in the bulk. Whenever the nu-
merical solutions are good, they closely match solutions of
the bulk equations, which were derived from the Grad 13
equations in Couette geometry by considering only terms
up to second order in the Knudsen number. The bulk solu-
tions require only jump and slip conditions for temperature
and velocity, and are easy to solve.

Neither set of equations can describe Knudsen boundary
layers, and thus one cannot expect agreement with DSMC
at larger Knudsen numbers where Knudsen layers extend
far into the channel (see Fig. 7 for Kn = 0.25). For Kn =
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Figure 3: Couette flow results for Kn = 0.05, vL
W − v0

W = 200m
s for γ = 1.5. Numerical solution of G13 equations

(short dashes/blue), Bulk solution (long dashes/red) and DSMC solution (continuous/black).

0.1 and less, the Grad 13 equations and the bulk equations
give good results. If one is not interested in a detailed
description of the Knudsen layer, the Grad 13 equations
could be a useful tool for the description of flows at these
Knudsen numbers.

Interestingly, our results for the G13 equations yield a
constant pressure (at least outside the non-linear transition
layer). This gives some support to the a priori assumption
of constant pressure in Ref. [18]. Our results agree essen-
tially with those presented in Ref. [18]. The main differ-
ence is that we solve the full boundary value numerically
for given values of wall velocities and temperatures, while

the analytical solution in Ref. [18] needs the shear rate as
input, and then deduces the corresponding boundary val-
ues for temperature and velocity. The results of Ref. [19]
cannot be compared in detail, since those authors assume
a constant relaxation time τ = µ/p, and ignore jump and
slip.

The new boundary condition for normal stress works
well for smaller Knudsen numbers and velocities. The un-
physical solutions at higher Knudsen numbers and veloc-
ities are not well understood. They seem to be due to
the strong non-linear character of the equations. It might
be that small inaccuracies in the boundary conditions are
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Figure 4: Couette flow results for Kn = 0.05, vL
W − v0

W = 600m
s for γ = 1.5. Numerical solution of G13 equations

(short dashes/blue), Bulk solution (long dashes/red) and DSMC solution (continuous/black).

amplified to give results like those in Fig. 4.

Further research is necessary to better understand
boundary conditions for higher order equations for rar-
efied gases. We see the presented results as an encour-
aging first step, and will aim in the future to provide a full
set of boundary conditions for the regularized 13 moment
equations (R13) which are accurate to third order in the
Knudsen number.
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(NSERC). We are pleased to acknowledge helpful discus-
sions with Giovanni Russo (Catania) on the UCS2 scheme.

A Grad 13 equations in conservative form

In conservative form the equations for σ11 and v2 are not
uncoupled form the other equations and thus cannot be
neglected. The conservative form of the Grad 13 equations
in dimensionless form for Couette flow are [17]

∂ρ

∂t
+

∂

∂y
(ρv2) = 0 ,

∂ρv1

∂t
+

∂

∂y
(σ12 + ρv1v2) = 0 ,

∂ρv2

∂t
+

∂

∂y

(
σ22 + p + ρv2

2

)
= 0 ,

11



0 0.2 0.4 0.6 0.8 1

-4

-2

0

2

4

q1 @W�m
2D

0 0.2 0.4 0.6 0.8 1

-6

-4

-2

0

2

4

6

q2 @W�m
2D

0 0.2 0.4 0.6 0.8 1
-0.05475

-0.0545

-0.05425

-0.054

-0.05375

-0.0535

-0.05325

Σ12 @PaD

0 0.2 0.4 0.6 0.8 1

-0.006

-0.005

-0.004

-0.003

Σ22 @PaD

0 0.2 0.4 0.6 0.8 1

50

100

150

200

250

300
Velocity @m�sD

0 0.2 0.4 0.6 0.8 1

0.5585

0.559

0.5595

0.56

0.5605

0.561

0.5615

Pressure @PaD

0 0.2 0.4 0.6 0.8 1

9.2

9.25

9.3

9.35

9.4

9.45

9.5

Density @10-6 kg�m3D

0 0.2 0.4 0.6 0.8 1

282

284

286

288

290

292

294

Temperature @KD

Figure 5: Couette flow results for Kn = 0.1, vL
W − v0

W = 300m
s for γ = 1.5. Numerical solution of G13 equations (short
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∂

∂t

(
3
2
p +

ρ

2
(
v2
1 + v2

2

))

+
∂

∂y

(
5
2
pv2 + q2 + σ12v1 + σ22v2 +

ρ

2
(
v2
1 + v2

2

)
v2

)
= 0 ,

∂

∂t
(σ12 + ρv1v2)

+
∂

∂y

(
2
5
q1 + v1 (σ22 + p) + 2v2σ12 + ρv1v2v2

)
= − p

µ

σ12

Kn
,

∂

∂t

(
p + σ11 + ρv2

1

)

+
∂

∂y

(
2
5
q2 + 2v1σ12 + v2 (σ11 + p) + ρv2

1v2

)
= − p

µ

σ11

Kn
,

∂

∂t

(
p + σ22 + ρv2

2

)

+
∂

∂y

(
6
5
q2 + 3v2 (σ22 + p) + ρv2

2v2

)
= − p

µ

σ22

Kn
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s . Bulk solution (long dashes/red), NSF solution (short

dashes/green) and DSMC solution (continuous/black).
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Figure 7: Couette flow results for Kn = 0.25, vL
W − v0

W = 300m
s . Bulk solution (long dashes/red), NSF solution (short

dashes/green) and DSMC solution (continuous/black).
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