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1 Introduction

Typical haptic simulators enable users to feel virtual environments either
directly (point interaction [16, 17] or via rigid virtual tools unconnected to
other virtual objects (rigid body interaction [5, 9, 12, 13]). However, various
applications may require users to manipulate virtual chains. For example,
virtual reality-based training for collaborative human-robot manipulations
for space missions would re-quire users to feel the forces acting on the
payload held by the robot. Virtual prototyping applications may benefit if
engineers felt the varying inertia of a mechanism they designed during its
intended operation. Haptically-enabled computer games would offer richer
interactions if they permitted users to operate virtual chains in addition to
single objects. The haptic manipulation of virtual mechanisms calls for the
haptic display of mechanism inertia and its joint constraints in addition to
its contacts with other objects in the virtual environment.

Currently, little haptics work addresses techniques for enabling users to
feel and operate virtual mechanisms. Initial efforts have two primary foci:
(i) to develop mechanism simulations with computational performance
suitable for single-rate [14] or multi-rate haptic applications [5, 7, 16]; and
(i) to increase the physical accuracy of virtual contact via modeling colli-
sions [2, 17]. The haptic rendering of the complete dynamics of virtual
mechanisms is a more recent concern. For admittance-type haptic devices,
a method for displaying inertia and joint constraints in addition to contacts
is presented in [4]. For impedance-type devices, haptic rendering of joint
constraints for serial-chain mechanisms is implemented via proxies with
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first order dynamics in [13]. The haptic display of both joint constraints
and inertia is proposed by the author for serial chains [3] and for closed
chains [1]. In [1, 3], users feel joint constraints via stiffness control in the
null space of the dynamically-consistent inverse of the inertia matrix at the
operational point, A;' . They feel the virtual inertia via impedance control
in the range space of A, .

The present contribution investigates the effect of the user-selected
operational point and of the loop closure constraints on the range and the
null spaces of A}'. Loop closure redundancy is included in the analysis.
The paper starts with the overview of the haptic interaction system in
Section 2. The properties of A’h1 for serial and closed virtual chains are
investigated in Section 0. Manipulations of both types of virtual
mechanisms illustrate users’ perception of the virtual inertia and of the
virtual joints in Section 4. Concluding remarks end the paper in Section 5.

2 Haptic Interaction System

The haptic interaction system that displays the feel of virtual mechanisms
is schematically represented in Fig. 1. This figure illustrates that the virtual
dynamics are simulated in coordinate space and are rendered to users in
operational space. Therefore, coordinate space and operational space refer
to the virtual mechanism in this paper'.

Fig. 1 also illustrates that the dynamically consistent inverse of the
inertia of the virtual mechanism at the user-selected operational point, A},
maps the simulated dynamics from coordinate space to the operational
space. Hence, this figure hints that Aj' is key to rendering the feel of
virtual mechanisms via impedance haptic devices.

The simulation of the virtual mechanism and the haptic rendering of its
dynamics via an impedance haptic device are presented in detail in [1, 3].
Their brief overview in the following two sections focuses on introducing
the notation used in the discussion of the structure of A} in Section 0.

! The coordinate and operational spaces of the mechanism of the haptic device are
extraneous to the haptic rendering of the manipulation in as much as the device
permits the simulated interaction (i.e., the workspace of the device covers the
virtual environment).
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Fig. 1. Haptic interaction system. The dynamics of virtual mechanisms are
simulated in coordinate space, and are displayed to users in operational space.

2.1 Mechanism Simulation

In [1, 3], the virtual mechanism manipulated by the user is simulated using
extended generalized coordinates [S]. These coordinates are configuration
coordinates for serial chains (Fig. 2a). The extended generalized
coordinates for closed chains comprise the relative joint coordinates
identified after choosing cut joints?> and cutting them open (Fig. 2b).

In extended generalized coordinates, the dynamics of a mechanism with
n links, m<n loop closure constraints and ¢ contacts are:

D(@)ij + B(q.9)+ G(g) = > I @F, + J L (@F, W (@)q » (M)

i=1

Cut joint

a) Serial chain. b) Closed chain.

Fig. 2. Extended generalized coordinates.

2 Because the selection of cut joints does not affect the feel of the virtual mecha-
nism, it is not addressed in this contribution
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where: D(q),,, 1s the inertia matrix of the mechanism in extended
generalized coordinates; B(q,q),,, represent Coriolis and centripetal ef-
fects; G(q),, are gravitational terms; J,(q),, and J,(q),, are the
mechanism Jacobian computed at the i-th contact and at the user’s hand,
respectively; F; | and F) ., are the wrenches applied on the mechanism
by the virtual environment at the 7 -th contact and by the user, respectively;
W(q),., = Oh/dq is the rectangular Jacobian of the loop closure constraints;
A 18 the vector of Lagrange multipliers, i.e., the vector of constraint
forces that maintain the chain closed at the cut joints; and q,.;, G,q> Gu
are the extended generalized position, velocity, and acceleration of the si-
mulated mechanism, respectively. Eq. (1) represents the dynamics of
closed-chain mechanisms if m > 0, and the dynamics of serial chains if
m = 0. These dynamics are augmented with Baumgarte stabilization terms
when users manipulate closed-chain mechanisms. Thereafter, the simula-
tion evolves via explicit integration of ODEs regardless whether the
mechanism includes closed chains [1] or not [3].

2.2 Control Architecture

During manipulation of virtual mechanisms, users need to feel: (i) the
inertia of the mechanism at the selected operational point; (ii) joint
constraints when attempting to move along directions restricted by the
virtual joints; and (iii) the mechanism contacts with other virtual objects.
For manipulations of virtual mechanisms via an impedance haptic
device, a control architecture that uses distinct controllers to render the
inertia, the joint constraints and the contacts of the virtual mechanism has
been introduced in [3]. This architecture, schematically depicted in Fig. 3,
comprises three controllers:
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Fig. 3. Schematic of the control architecture that displays the feel of virtual
mechanisms via an impedance haptic device.
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1. Impedance controller: applies to users the inertia of the virtual
mechanism at the user-selected operational point. Based on A}, this
controller shapes the impedance of the haptic device to match the
operational space impedance of the virtual mechanism. It renders
manipulations unimpeded by the joints or by other objects in the
virtual environment.

2. Joint constraint controller: resists user’s motion along directions .
restricted by the virtual joints. This stiffness controller uses limited
gains to render the infinite structural stiffness of the virtual
mechanism along directions in the null space of A} .

3. Four channel teleoperation controller [11]. enables users to feel
contacts through feedforwarding contact forces to users and hand
wrenches to the virtual mechanism via the two force channels. It
eliminates the drift of the user’s hand on the haptic device from the
operational point via the two position channels.

The architecture requires A, and its null space to adequately render the
feel of virtual mechanisms. Singular value decomposition (SVD)-based
methods for computing A" and its null space are proposed in [3] for serial
chains and in [1] for closed chains. In particular:

A, =J,D7J] 2)
for serial chains, and:
A, =J,D7'J] - JhD"WT(WD‘lWT)WD"JhT 3)

for closed chains. The significance of these methods for the feel of
virtual mechanisms is analyzed in the following section, focusing on the
effect of the loop closure constraints and of the user-selected operational
point on the structure of the null space of A} .

3. Properties of the Dynamically Consistent Inverse
of the Operational Space Inertia Of Virtual Mechanisms

The section demonstrates that: (i) A} is positive semi-definite both for
serial chains and for closed chains; and (ii) redundant loop closure
constraints are automatically eliminated when comput-ing the directions of
joint constraint using the SVD of A;' in Eq. (3).
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The proof is by construction and uses the positive definiteness of D for
any mechanism and for any choice of extended generalized coordinates?.
Let the SVD of the Jacobian matrix of the loop closure constraints be
given by:

: 0
W — V 'E X UT — V |:[Gl ]r><r rx(n—r) :| UT (4)

mxn mxm mxn nxn mxXm 0( )X O( )X( ) nxn
m—r )Xr m—r n-r

In Eq. (4), r<m is the number of independent loop closure constraints
and [G,] is a diagonal matrix whose diagonal elements are the » non-

zero singular values of. /. Furthermore, the positive definiteness of D
implies that a suitable rotation R exists that diagonalizes D ':

Dn_><1n = RnTxn ’ [ai ]nxn ’ Rnxn > (5)
where [a, ]nxn is diagonal positive definite. After substitution from Egs.
(4) and (5):

W Dok WL =V, -{[G"]”r Orr) :|’UT

mxn nxn nxm e O( O(m—r)x(n—”)

[Gi ]rxr Orx(m—r) :| . VT

T
: Rn><n ' [ai ]nxn : Rnxn : Unxn ’ |:0( 0(

m—r)xr

(6)

n—r)xr n—r)x(m—r)

In Eq. (6), the matrix Y, =U,., -R,., =(,...y,) is orthogonal (since
R-U-U"-R" =1 ). Therefore, after substitution from Eq. (7):

nxn

T
N
vloav=| b el ) =lap Ty )= 4 @)
Yn
in Eq. (6):
, 0.,
men : D’;il’l : an];m = Vme .{ [Gl ]rxr 'X(nil) } : [al ]IIX}’[ :
Om—rpr Ommr(n—r)

(8)

.|:[Gi]r><r Orm-r) j|_VT _y _l:[aiciz]rxr 0,s(m—r) :I.VT

O(n_r)x, O(n_r)x(m_r) mxm mxm O( O( mxm

m—r xr m—r W(m—r)

3 The positive definiteness of D follows from the fact that kinetic energy
KE =0.5¢" D is positive for all ¢ # 0 for serial and closed chains
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and pseudo-inversion of Eq. (8) via SVD:

mxn nxn nxm mxXm

I
w,.,-D; wl ) =, [aoflxr Ot Lyt

Furthermore:

WD W) W, =

nxm

1
:Unxn‘{[ci]rx, 0, (mr) } L,G,-z Lr 0, (m—r)

0 0
(n—r)xr (n—V)X(m—r)
Oty O i(m—r)

|: [Gi ]rxr Orx(n—r) :| . UT _

Oy Opernry | "

1
—U ) [Gi ]I‘XI‘ : |: 4 2 :| : [Gi ]rxr Orx(m—r) . UT _

1O nxn

U U

1
= Unxn ’ |:(l_l:| OFX(’FF) ’ U}’]l;(n’

| O6rpr Oueri(nr)

and

D .w’l -(W D .wT )71'Wm><n'D_l =

Lo
= erxn ’ [ai ]nxn ’ YnX” ’ ai rxr ”X(n—") : Ynin : [ai ]nxn ’ Rnxn =
O(-ryr Ofuor(n—r)
Lo
= Rr{xn : [ai ]nxn ’ ai xr ”X(n_”) : [ai ]nxn ’ Rnxn
O-rpr Oueriin—r)

_ Rr]l"xn . |: [ai ]r><r OVX(n*") :| . Rnxn'
O(—rr O i(n—r)

)

(10)

(11)
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Lastly, A’h1 of mechanisms with closed chains can be computed after
substitution of Eq. (11) in Eq. (3) via:

A =a, (0 =D W (W w T )wp ) gt =

:Jh 'RT ‘[[ai]nxn _|:[ai]r><r OVX(”_") ):DRJ;,T = (12)

06y O(ur(nr

0 0

rXr rx(n—r) T
=J,-R"- ‘R-J
¢ [O(H—}’)XV [ai-H" (n—r)x(n—r)J g

Eq. (12) reveals the structure of A;'. This equation shows that A} is
positive semi-definite for closed chains (»> 0), and is positive definite for
serial chains (#=0). Furthermore, redundancy in the loop closure
constraints (7 < m) is automatically eliminated via the SVD in Eq. (9).

4 Experiments

The directions of joint constraint computed via SVD of A;' in Eq (3) are
validated via an experiment whereby the user applies a constant wrench
F, =(~0.5N 0N -0.0025Nm)" at the operational point of the closed
chain shown in Fig. 4. Given the link numbering show in this figure, the
parameters of the virtual mechanism are: link lengths /, =/, =/; =45 mm
and/, =60 mm; link massesm, =m, = m; = 1kg andm, =.5kg; and link
inertia /, = I, = I =0.0021 kgm® and 7, = 0.00105 kgm’.

petationa
i

){r\i:lﬁ

A"

ints

Fig. 4. Testbed used to illustrate the perception of the virtual joints, including
those closing kinematic loops.
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Fig. 5. Experimental results.
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The experimental results are plotted in Fig. 5. In particular, Fig. 5a
illustrates that users perceive one joint constraint throughout the
manipulation. This is because the selected operational point is on a link
with insufficient degrees of freedom. When the loop closure constraint
becomes active, users perceive two joint constraints. This is expected
because the constraint due to the cut joint is independent from the
constraint due to the joint between links 1 and 2. Fig. 5b demonstrates that
the user hand on the haptic device follows the operational point in the
simulation with an error due to the finite stiffness of the joint constraint
controller. Lastly, Fig. 5c reveals that users feel a larger constraint wrench
when the loop closure constraint is active. This larger perceived wrench is
in agreement with the independence of the constraints imposed by the joint
between links 1 and 2 and by the cut joint.

The experimental results depicted in Fig. 5 validate that the null space
of A_hl provides a basis for the directions of joint constraints regardless
whether the joints are cut joints or not.

5 Conclusions

The present contribution elucidates the effect of the loop closure
constraints on the null space of A}, the dynamically consistent inverse of
the inertia matrix of serial-chain and closed-chain mechanisms at an
arbitrary user-selected operational point. This effect is important for
displaying the feel of virtual mechanisms via impedance-type haptic
devices. In particular, haptic rendering methods recently developed by the
author enable users to feel the virtual inertia and the virtual joints via
separate controllers that operate the in the range space and in the null space
of A, respectively. The contribution also demonstrates that redundant
loop closure constraints are automatically eliminated by during the
SVD A, . Users’ perception of the virtual joint constraints is illustrated via
an experimental manipulation of a closed chain.

Upcoming work will focus on displaying the feel of virtual mechanisms
to multiple simultaneous users and on applications to robot control of the
dynamically consistent inverse of the inertia matrix.
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