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Abstract

This work presents general purpose simulation and control techniques for efficient and transparent haptic
rendering of rigid body motion with constraints. Transparent interaction is achieved by enabling users to
feel collisions and to manipulate both virtual objects and virtual linkages. Efficient rendering is accomplished

through fast approximations of rigid body interaction implemented in a local model with haptic performance.

Hapic rendering of impacts is based on a new representation of rigid body contact. In this representation,
contacts are infinitely stiff when they arise and have limited stiffness thereafter. Multiple impacts are resolved
simultaneously, in a manner consistent with conservation of energy principles and with the force capabilities
of the haptic device. Haptic rendering of impacts is beneficial in training simulators for dental procedures and

bone surgeries, as well as CAD and virtual prototyping systems with force feedback.

Realistic linkage manipulation is enabled by permitting users to operate linkages from any link and through
singularities while restricting their motion according to the virtual environment geometry and the linkage topol-
ogy. Linkage topology is imposed on users through penalizing users’ departure from the configuration manifold
of the virtual linkage. Operation of links with insufficient degrees of freedom is important in applications like

training for laparoscopy, where the scope limits the tool motion at the entry point.

Efficient rendering of rigid body motion with constraints is enabled by interfacing the device to a simulation
through a local model of interaction. The model comprises constraints imposed on the virtual tool by virtual
objects within an e-active neighborhood of the virtual tool and a dynamic proxy of the virtual tool. This model
is the first that can be used to constrain both the translation and the rotation of the device and to add realistic
forces to virtual environments generated using any commercial simulation package with interactive performance.
The model is beneficial in consumer-grade haptic applications, because it allows easy development of haptic
applications by users without detailed haptic knowledge. It can also be used to enable cooperative haptic

manipulations in applications that involve two-handed operations and/or multiple users.
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Chapter 1

Introduction

This thesis is concerned with providing realistic force, or haptic, feedback to users interacting with rigid
multibody virtual environments. Lifelike forces give users a sense of “presence” in the computer-generated
virtual environment; that is, they make users feel as if they are directly manipulating the rigid virtual objects.
Realistic force interactions are important for physical skill training and for gaining an understanding of the
virtual world that cannot be obtained using other human-computer communication paradigms. For example,
astronauts may practice the operation of specialized tools under conditions similar to those during the space
mission before the tools are manufactured; engineers may recognize limitations of their designs by manipulating
virtual prototypes; students may become familiar with various physical phenomena by interacting with virtual
objects. Despite significant potential benefits, commercial applications enabling force interactions with rigid
multibody virtual worlds do not exist yet. Such interactions continue to be a focus of on-going research,
including of this thesis.

It is challenging to apply lifelike forces to users manipulating rigid virtual objects because the key com-
ponents of a haptic interaction system impose conflicting requirements on the interaction (see Figure 1.1).
Users require virtual forces at rates of the order of 500Hz or higher during kinesthetic interaction with rigid
objects [28,34,135] so that they do not perceive artifacts such as vibrations. Additionally, they exchange
energy with the simulation. The device controller needs similar high “haptic rates” in order to create an
adequate perception of rigidity. It also requires fixed force update rates and passive virtual environments to
stably transfer energy between the user and the simulation [3]. Moreover, the device can display only limited

stiffnesses to the user [40]. However, typical interactive physically-based simulations of rigid multibody virtual



environments either have rendering frequencies only of the order of tens of Hz [140,149], and can slow down
further during complex interactions, or have geometry-dependent stiffness [42] that cannot be guaranteed for
arbitrary interactions [59]. In other words, while the device requires realistic forces updated at guaranteed high
rates and arising from a limited environment stiffness, existing simulations provide these forces with uneven
computational delay or cannot guarantee the stiffness that they represent. In prior haptics research, three

approaches have been developed to address the de-stabilizing effect of the simulation.

User + Virtual environment
device controller simulation

Stability
+
realism
- fixed force update rates (hundreds of Hz) - variable update rates (tens of Hz on average)
- limited virtual stiffness - geometry-dependent stiffness

Figure 1.1: The key components of a haptic interaction system and their con-
flicting requirements for stability and realism.

A first approach used control techniques to guarantee stable user interaction within virtual environments
with arbitrary stiffness and/or computational delay (Figure 1.2). The most common method separates the
simulation from the device through a “virtual coupler” [42]. The virtual coupler is a controller that limits
the stiffness displayed to the user, eliminating the potentially destabilizing effect of the geometry-dependent
environment stiffness. To date, it has been used for rendering both point [128, 140] and rigid body [22]
interaction within rigid multibody virtual environments. The virtual coupler guarantees stable manipulation
of passive nondelayed virtual worlds [3]. However, the restriction to passive nondelayed environments is quite
limiting, since existing nondelayed rigid multibody simulations use penalty-based dynamic algorithms and
fixed step forward integrators that are nonpassive [31]. Furthermore, the virtual coupler introduces perceptual
artifacts (such as contacts that pull on the user) and does not allow users to perceive physical phenomena
that rely on fast force transitions (such as collisions and stick-slip friction). Recently, a control technique was
designed in [65] that monitors the energy produced by one or more simulation blocks and dissipates this energy

when necessary. The technique guarantees stable user interaction within any virtual environment that produces



less energy than the device can dissipate, regardless of the computational delay of the simulation. However,
the energy dissipation mechanism introduces perceptual artifacts (e.g., it allows contacts to pull on the user)

that compromise the realism of the interaction.

Virtual
environment
simulation
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Figure 1.2: Alleviation of the effect of the computational delay and the
geometry-dependent environment stiffness via control.

A second approach improves the real time performance of the simulation via new collision detection methods
that eliminate the collision detection bottleneck and significantly decrease the computational delay of the
virtual environment. The new methods take advantage of hierarchical spatial bounding volumes [59, 75, 85]

incremental distance computations [76,83], and multiresolution bounding hierarchies [117] to detect contacts
and to approximate penetration distances at the high haptic speeds. Combined with penalty-based dynamic
algorithms and fixed step forward integration routines that require little additional computation time, the
new collision detection techniques allow the simulation to run synchronously with the haptic controller (see

Figure 1.3). However, instability may arise if the user exerts too much force which causes a large amount of

penetration [59], or in non-convex contact configurations [85].
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Figure 1.3: Elimination of the computational delay of the simulation via new
collision detection algorithms.

A third approach alleviates the haptic rate demand on the virtual environment by decoupling the force
control loop from the simulation (see Figure 1.4). Therefore, virtual environments of increased complexity,
based on passive algorithms, can be rendered. In this approach, users feel realistic forces only if the setpoints
of the control loop over one simulation step suitably approximate the forces acting on the virtual object
manipulated by the user (the virtual tool). Hence, a local model of the interaction (i.e., a reduced simulation
that runs at the fixed haptic rate) must be available in the force control loop. A first local model for point

interaction with rigid virtual objects was proposed in [2]. It incorporates the geometry of the constraint
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restricting the user’s motion. This local model shifts the computational delay of the simulation from delay in
computing the interaction forces to delay in updating the local geometry. The model was refined in [100,149]
to ensure geometry continuity at the model updates. However, its extension to haptic interaction with a rigid
multibody virtual world through a virtual tool led to instability during tightly constrained motions of the
virtual tool, such as during peg-in-hole insertion [21]. Therefore, the local geometry was used to constrain only

the translation of the device and a virtual coupler was used to constrain its rotation.
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———

Figure 1.4: Mitigation of the effect of the computational delay of the simulation
via a local model of interaction.

None of the approaches described above allows realistic and guaranteed stable haptic manipulation of
rigid virtual objects. Such interaction continues to be a challenging proposition. Both new control and new
simulation methods need to be developed in order to increase the physical accuracy of the haptic rigid object

manipulation while maintaining its stability.

1.1 Objective

The goal of this thesis is to increase the realism of the force interaction within rigid multibody virtual en-
vironments through modeling and simulation methods that enable efficient and transparent haptic rendering
of rigid body motion with constraints. In particular, general-purpose simulation methods are proposed that
model interactions convincingly, yet suitably for being applied to the user’s hand by the device controller. Such
simulation methods have not been available in prior research. A further objective of this work is to develop
local approximations of the proposed simulation approaches that adequately represent the interaction and run

at the high haptic speeds regardless of the complexity of the virtual environment.

1.2 Contributions

This work contributes to: (i) physically-based modeling of rigid multibody virtual environments; (ii) haptic

manipulation of virtual linkages; and (iii) local models of interaction for rigid multibody virtual worlds.
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e Physically-based modeling of rigid multibody virtual environments

Collisions are ubiquitous during physical manipulations of rigid objects. In haptics, collisions felt by
the user enhance the perceived rigidity of the virtual contacts [90,125]. To increase the realism of the
haptic interaction within rigid multibody virtual environments, this thesis develops a simulation approach
that enables users to perceive collisions. The approach uses a contact model compatible with fixed step
integrators and closed-form dynamics algorithms. Specifically, contacts are infinitely stiff upon contact
and have limited stiffness during contact (see Figure 1.5). Furthermore, a new simultaneous collision
resolution algorithm is employed upon contact. The algorithm is proven to never increase the kinetic
energy of the virtual environment. Users feel collisions through impulsive forces. They feel contacts

through penalty and friction forces.
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Figure 1.5: The contact model the enables users to feel collisions: contacts have
infinite stiffness upon contact and finite stiffness during contact.
Users feel impulsive forces upon contact and penalty and friction
forces during contact.

Although developed for haptics, the simulation approach proposed in this thesis can be used in any ap-
plication that requires rigid multibody virtual environments with interactive performance. The approach
provides a compromise between the efficiency of penalty-based simulations [62,111] and the accuracy of

constraint-based simulations [7,10,13,35,63,66,70,110,127,141,143].

e Haptic manipulation of virtual linkages

In contrast to prior work that allows operation of spatial (planar) virtual linkages from links with at

least 6 DOFs (3 DOFs) [114, 128, 140], this thesis develops methods that enable realistic rigid body

manipulation of linkages from any user-selected point. In particular, users are enabled to manipulate
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links with motion limited by the linkage topology and to convincingly perceive motion restrictions due
to other virtual objects and to the linkage itself. This is important in applications like training for
laparoscopic procedures, for example, when the scope restricts the motion of the virtual tool at the
point of entry. Motion constraints due to other virtual objects are imposed through contact (impulsive,
penalty, and friction) forces transformed to the user’s hand in a coordinate-invariant manner. The linkage
topology is imposed through penalizing users when they violate the configuration manifold of the linkage

(see Figure 1.6).

Space tangent to
the configuration manifold
at the user’s hand

Configuration manifold
of the virtual linkage

Figure 1.6: Users perceive topological constraints through penalties applied to
the device when their hand leaves the configuration manifold of the
linkage (vh is the position and orientation of the user’s hand on the
virtual linkage, while h is their real position and orientation).

e Local models of interaction within rigid multibody virtual worlds

Regardless of the efficiency of the algorithms employed, the computational performance of rigid multibody
virtual environments depends at least linearly on the complexity of the virtual scene to be simulated (i.e.,
its contact geometry [12,59,76,83,84] and the dimension of its configuration space [48,91,127]). To enable
haptic interaction within virtual worlds of arbitrary complexity, this thesis develops a local model of rigid
body interaction that is simple enough to run at the haptic rates and general enough to interface a device
to a virtual environment regardless of the algorithms used to simulate the virtual world. This model is the
first local model that includes a dynamic proxy of the virtual tool manipulated by the user and active and

predicted motion constraints imposed on the virtual tool by nearby objects (see Figure 1.7). Geometry
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prediction enables realistic manipulations of the virtual tool through tight clearances. The dynamic proxy
encapsulates motion constraints imposed on users by articulated structures, allowing them to manipulate
linkages. Furthemore, the haptic controller can coordinate both forces and motions between the haptic
device and the proxy. Coordination of forces increases transparency and enables users to feel collisions,
thus enhancing the perceived local contact rigidity. Position coordination allows stiffer objects to be

manipulated.
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Figure 1.7: The local model of rigid body interaction includes a dynamic proxy
of the virtual tool and active and predicted motion constraints im-
posed on the virtual tool by nearby objects.

1.3 Organization of the thesis

The remainder of the thesis is arranged as follows:

Chapter 2: The state of the art in physically-based rigid multibody simulation and impact modeling
is presented, focusing on methods with interactive performance. Simulation and control
techniques employed for haptic interaction within rigid multibody virtual environments

are also overviewed.

Chapter 3: This chapter describes the planar haptic interaction system used to experimentally vali-

date the simulation and the control methods proposed in the present thesis.
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Chapter 4:

Chapter 5:

Chapter 6:

A new approach to haptic rendering of rigid body contact is introduced that enables users
to feel collisions and, thus, enhances the perceived rigidity of the virtual objects. The
chapter describes the underlying contact model, as well as the simulation of impulsive and
contact interactions. A new, passive, multiple collision resolution technique is proposed
and modified to account for the practical limitations of haptic devices. Simulations
and controlled experiments are used to validate the proposed rigid contact rendering
approach. A friction model developed in computational dynamics is, for the first time,
used to haptically render dry friction. The efficacy and the advantages of this model
are evaluated by comparing it to models priorly used in haptics through simulations and

experiments.

In this chapter, simulation and control methods are devised that enable realistic manipu-
lation of virtual linkages. Linkage contacts are modeled as described in Chapter 4. They
are applied to the user’s hand using a coordinate-invariant representation. The inertia
and the topology of the virtual linkage are rendered to users through device control. The
limitations of such control are overcome through a physically-motivated technique that
convincingly restricts the motion of the device as required by the topology of the virtual
linkage. Realistic and unrestricted operation of virtual linkages is demonstrated through

simulated and experimental manipulations of a planar virtual linkage from various links.

A local model of rigid body interaction is developed and used for haptic manipulation
of rigid virtual objects. The communication between the local model and the device,
and the local model and the virtual environment is described. Geometry and dynamics
techniques ensuring model continuity at simulation updates are detailed. A numerically
efficient implementation of the methods in Chapters 4 and 5 is proposed. The novel
local model of rigid body interaction is validated experimentally by using it to interface
a planar haptic device to a virtual environment generated using a commercial simulation

package.
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Chapter 7: This chapter summarizes the contributions and limitations of the work described in this

thesis and discusses directions for future work.



Chapter 2

Physically-based rigid multibody

simulations

In haptic applications, both the computational speed and the physical accuracy of the simulation are essential
for the user’s sense of presence in the virtual environment. Physically-based rigid multibody simulations achieve
interactive performance by balancing efficiency and accuracy in various ways. This chapter starts by surveying
interactive simulations and the modeling methods they employ. The survey emphasizes the potential of existing
techniques to achieve the requirements of haptic interaction, namely physical realism and guaranteed real time
performance. The chapter ends by overviewing haptic manipulation of rigid multibody virtual environments,
including simulation and interaction control techniques, local models of interaction, and impact and friction

rendering.

2.1 Interactive simulations

Simulation algorithms implement a loop consisting of three main steps (see Figure 2.1):
e collision detection: the body contacts are computed;
e dynamic response: the equations of motion (EOMs) are solved in accordance with the new set of contacts;
e time integration of the system state: the body positions and velocities at the next time step are computed.

All three steps contribute both to the physical accuracy and to the efficiency of the simulation. For example,

recent collision detection algorithms [75, 76, 83, 85, 108] have significantly alleviated the collision detection

10
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bottleneck and correspondingly improved the simulation performance. However, only work addressing the
dynamic response is relevant to the scope of this thesis and, therefore, surveyed in this section. The focus is on
the ability of existing dynamic response techniques to realistically represent rigid multibody interaction while

achieving the real-time performance required by the haptic controller.

Collision
detection

Dynamic
response

Figure 2.1: The simulation loop and the scope of the survey: prior work in
dynamic response.

Dynamic response includes the formulation of the EOMs of rigid multibody systems starting from the
fundamental principles of the Newtonian mechanics (principle of virtual displacements, Gauss’ least action
principle, etc.), and their solution. The EOMs of a multibody system are derived as a set of ordinary differential
equations (ODEs) using either positions and velocities or positions and momenta as state variables. However,
general purpose simulations use positions and velocities as state variables exclusively. In their most general
form, the EOMs of a system of b rigid bodies with d DOFs with positions and velocities as state variables are

a set of n > d second order ODEs [146]:

M(q)4+Q°(q.q,t) = Q(q,q,t) = M(qa+Qi(q.q,t)+Qy;(q,q.t) =Q(q.q,1). (2.1)

In Equation (2.1), M € R™*" is the system mass matrix; q € R", q € R", q € R" are the system acceleration,
velocity, and position vectors, respectively; Q € R™ is a vector that includes external forces as well as Coriolis,
centrifugal, and gravitational effects; Q¢ = Q§ + Q¢,; € R" is the vector of constraint forces, whose components
are Qf € R", the vector of ideal constraint forces (they do no work and are along the constraint directions),
and Q¢; € R", the vector of nonideal constraint forces (they do work and are in the constraint plane). Note
that Equation (2.1) does not represent the EOMs as they are directly derived from the principles of mechanics;
rather, it represents the EOMs rearranged for computational purposes. Unknown forces and accelerations are
grouped on the left hand side of this equation, while known forces are on its right hand side. If the b bodies
have ¢ contacts, the n-dimensional Equation (2.1) has n + 2¢ unknowns: the system acceleration q, and the

constraint forces Qf and Qf,;. Additional equations are needed to find the dynamic response of the system,
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i.e., to compute the system acceleration q to pass it to the time integration routine.

The additional equations are given by the constraints and by the laws of dry friction. The constraints
enforce the rigidity assumption by requiring the bodies not to overlap. Bilateral constraints represent perma-
nent connections between bodies, or joints, whereas unilateral constraints represent temporary connections, or

contacts. If the system has j joints and ¢ contacts, then there are j bilateral constraints:

C’bl' (q,q7t) =0 Vi= 17"':j= (22)

and c unilateral ones:

Cu,' (Q, t) >0 Vi = ]-7 BRETeE (23)

Additionally, the Coulomb law of friction requires the nonideal and the ideal constraint forces to be related

through:

where the index i selects the i-th vector component and p; is the coefficient of dry friction at the i-th contact.
The constraints in Equation (2.2) and the EOMs form a set of second order differential algebraic equations
(DAEs). Integration of DAEs is unsuited for real-time performance. Therefore, in interactive simulations, these
DAEs are transformed into ODEs by appending the constraints to the dynamics at the acceleration level (i.e.,

by differentiating Equation (2.2) twice with respect to time):

Aj><n (q q, t) q = bj><1 (q7 q, t) . (25)

In Equation (2.5), A is the Jacobian of the constraints (the constraint matrix) and b groups all other terms
obtained by differentiation. Dynamic response requires the systems acceleration ¢ to be computed. However,
Equations (2.1) and (2.5) form a system of n + j equations with n + 2j 4+ 2¢ unknowns, Q¢, and Q¢;. The
additional equations necessary for computing the dynamic response depend on the employed model of rigid
body contact, as described in Section 2.1.2. The numerical efficiency and the physical accuracy of the dynamic

response depend both on the coordinates used to describe the system state and on the model of rigid body

contact, as described in Sections 2.1.1 and 2.1.2.
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2.1.1 Coordinates for rigid multibody dynamics

Rigid multibody simulations describe the system state using Cartesian, generalized (dependent), or indepen-
dent coordinates (see Figure 2.2). The coordinate system used depends on whether bilateral constraints are

distingushed from unilateral ones.

(a) Cartesian coordinates. (b) Generalized coordinates. (c) Independent coordinates.

Figure 2.2: Coordinates used to describe the system state in rigid multibody
simulations.

Cartesian coordinates (Figure 2.2(a)) do not differentiate bilateral constraints from unilateral ones. They
incorporate no topological information into the EOMs. The dynamic model of each body is independent of all
others and constraint equations are added or deleted from the constraint matrix A as needed [56]. Cartesian
coordinates are best suited for general purpose simulators. They are used in many implementations, developed
in computational dynamics [56,57, 66,116,153, 154]), in computer graphics [5, 12,16, 32, 37,62, 104, 109, 110,
122,134], and in haptics [34,85,117]. However, models in Cartesian coordinates result in the largest number
of dynamic equations (three per body for planar interaction and six for spatial interaction) and are prone to
constraint violation. The numerical drift is addressed by constraint stabilization [5,19,37] and by projection
methods [82,98], which integrate only d independent coordinates and use the constraint equations to compute
the remaining n — d position variables.

Generalized coordinates (Figure 2.2(b)), e.g., relative coordinates [48] and natural coordinates [51], incor-
porate the bilateral (joint) constraints into the EOMs and explicitly represent only the unilateral (contact)
constraints. Hence, the number of EOMs to be solved is smaller, equal to the number of DOFs of the system.
Moreover, the system evolves on its configuration manifold and the bilateral constraints are automatically
satisfied. Efficient serial algorithms are proposed in [25,48,73,74,91,107] for loop-free topologies and in [72] for

topologies with internal loops, while efficient parallel algorithms for linkages with or without loops are presented
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in [49,50]. Collision resolution and contact force determination methods for tree-like systems are described
in [127], where the increased numerical efficiency of the coordinate representation allows the simulation of a 26
DOFs tree-like robot at the haptic rates. The significant computational advantage of generalized coordinates
has led to the development of several simulators with interactive performance [13,51,128,140,141], some of
which have also been used for haptic interaction [128,140].

Independent coordinates (Figure 2.2(c)) are the minimum number of coordinates required for describing
a multibody system, i.e. n = d. Minimal representations result in a minimum number of EOMs and no
numerical drift, since all constraints are incorporated in the choice of independent coordinates. However, the
set of independent coordinates changes as the constraint configuration changes. This set cannot be derived
numerically at present. Hence, in interactive applications, the efficiency gained by embedding the constraints
in the EOMs may be offset by the symbolic calculations needed to derive a new system model at configuration
changes. An application-specific simulator using independent coordinates has been demonstrated in [52,54] for
haptic rendering of piano playing. In this simulator, all constraint configurations are known prior to run time.
Hence, dynamic models corresponding to these configurations are derived off-line and then combined on-line
using a finite state machine. Recently, the design of a general purpose haptic simulator using independent
coordinates has been outlined in [53]. This design proposes to achieve interactivity by decoupling the symbolic
computation of the EOMs from their numerical solution through running the symbolic model formulation in a
thread outside the main simulation loop. Further work is required to demonstrate the interactive performance
of this design.

In addition to the choice of coordinates, the enforcement of the rigidity and of the dry friction assumptions
also influence the computational efficiency and the physical accuracy of rigid multibody simulations. This
influence is discussed in the following section by overviewing dynamic models of rigid multibody systems

available in prior work.

2.1.2 Dynamic models of rigid multibody systems

Rigid body dynamics have been a topic of active investigation for more than three hundred years. This long-lived
interest has arisen from the mathematical difficulties accompanying two widely used modeling simplifications:

the rigid body and the Coulomb dry friction assumptions. These simplifications bring about issues related: (i) to
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the existence and the uniqueness of solutions of the EOMs of rigid multibody systems with unilateral constraints
and dry friction [7,47,92,94,102,118]; and (ii) to the algorithms approximating these solutions [6,7,143,144].

Physically-based rigid multibody simulations differ in how they enforce these simplifications and, therefore,
in how they use the dynamics given by Equation (2.1). Under the rigid body assumption, Newtonian mechanics
distinguishes three contact states: free motion, collision, and contact. Under the Coulomb friction assumption,
contact can further be divided into sliding and sticking contact. Collisions (or impacts) are phenomena with
much faster time constants then contacts. They are often modeled as instantaneous events which result in
velocity discontinuities. Contacts are modeled as finite duration events which result in acceleration disconti-
nuities. Based on the contact states they model, rigid multibody simulation methods can be classified in: (i)

penalty-based; (ii) constraint-based; and (iii) impulse-based approaches.
2.1.2.1 Penalty-based simulations

Penalty-based simulations model only free motion and contact (Figure 2.3). They enforce rigidity only approx-
imately, by introducing restoring forces when objects interpenetrate. Hence, they incorporate the penalized
constraints into the EOMs. Since they only loosely enforce constraints, penalty methods sacrifice accuracy for
robustness (singular configurations pose no problem) and a reduced set of equations (reaction forces are elim-
inated from Equation (2.1), as they are computed from local contact geometric information). Thus, penalty
methods are compatible with the fixed time step integrators required in haptics because they do not need to

exactly determine when new contacts arise.

Free motion )

Figure 2.3: The contact states in a penalty-based rigid multibody simulation.

A main limitation of penalty simulations is that large penalties are necessary for acceptable accuracy. This
induces numerical ill-conditioning during integration and requires the penalties to be adjusted for different
simulation conditions. However, highly realistic computer animations of rigid bodies were demonstrated in [109,
121] and a general purpose simulation package was developed in [57,58].

A more important limitation for haptics is the fact that the environment impedance depends on the contact
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geometry and cannot be bounded for interactions within arbitrary virtual worlds (i.e., for arbitrary contact
geometries). This is illustrated by the example in Figure 2.4. In this example, the contact between the
rectangular object and the environment is represented through ¢ = 8 point contacts and the environment

stiffness is represented as:
T

K= <0 ¢ keontact 0) : (2.6)
where kcontact 1S the contact stiffness. Regardless of the chosen contact stiffness, contact geometries may
exist that induce instability. Instability may arise because the environment stiffness is outside the region of
conditional stability corresponding to the given time step of the forward integration routine used in the haptic
simulation. As discussed in [40], instability may also arise due to an environment stiffness larger than the

Z-width of the device (the impedance range that the device can render stably) [29].

Figure 2.4: A rectangular object interacting with a virtual wall. Each surface
contact is represented through two point contacts.

Despite the difficulties ensuing from the conditional stability of penalty methods, their low computational
requirements and ease of implementation are very attractive for haptics. Several implementations of such

methods exist [59,75,76,83,85,103,117].

2.1.2.2 Constraint-based simulations

Constraint-based simulations model all contact states and enforce exact rigidity by computing either collision
impulses or contact forces to prevent body interpenetration (Figure 2.5). Interactive constraint-based simu-
lations are more difficult to implement because they need to detect contact state changes at run time. This
means that, given the set of geometric contacts reported by the collision detection algorithm, constraint-based
simulations must determine the set of “active” contacts, i.e., the set of contacts at which objects interact.
Such detection is possible if the system dynamics is derived based on the complementarity rule (Figure 2.6),

also known as the corner law or Signorini’s conditions [120]. In the direction normal to the contact, the rule
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Collision

Free motion Contact

Figure 2.5: The contact states in a constraint-based rigid multibody simulation.

states that either the relative acceleration a, , is zero and the contact force f,, is nonnegative', or the relative
acceleration is nonnegative and the contact force is zero. In the contact plane, it states that either the relative
tangential velocity v, is zero and the friction force f; is in the friction cone (i.e., uf, — fy > 0, where p is
the coefficient of dry friction), or the relative tangential velocity is nonnegative and the friction force is on the

boundary of the friction cone (i.e., pf, — fr = 0).

/ W,

(a) The normal contact direction. (b) The contact plane.

Figure 2.6: The corner law.

Two types of complementarity-based dynamics formulations exist: acceleration-force methods [93,94] and
velocity-impulse methods [112]. Correspondingly, event-based and time-stepping rigid multibody simulations
were developed [27]. Event-based simulations [11,120,122,127] integrate the system dynamics between collision
events, resolve occurring collisions, and reset the integrator before continuing to advance the system state in
time. Such algorithms are not directly useful in haptics because they require variable step size integrators; i.e.,
there is no guaranteed completion time.

Time-stepping simulations [6 8,37,104,142,143] solve a time discretization of the system dynamics that
includes the impact rules and the perfectly rigid constraints enforced at the velocity level. These algorithms

are compatible with the fixed step haptic integrators, but have no guaranteed completion time. This is because

IThe contact force is positive if it pushes the bodies apart. The relative acceleration and the relative velocity are positive if
they are such that the bodies separate.
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they can avoid constraint drift only through accurate collision detection and the reformulation of the system
dynamics at each contact configuration. Since there exists no a priori bound on the number of collisions
that can occur during one simulation step, the computation time is unpredictable. Time-stepping algorithms
with guaranteed completion time include suitable constraint stabilization techniques [6,37]. In [37], constraint
stabilization is formulated as a complementarity problem solved at the end of the simulation step. Besides
the computational price paid by solving two linear complementarity problems (LCP) per step, the method
is not shown to ensure the passivity of the simulated system. In [6], constraint stabilization is achieved
by augmenting the complementarity-based system dynamics with a term that depends on the geometrical
constraint infeasibility. Hence, no additional computational costs are incurred. However, the method is proven
to ensure the passivity of the simulated system only for perfectly plastic collisions between smooth convex

objects. Further work is needed to extend the method to elastic and partially plastic collisions between

polyhedral objects, which are only locally smooth and may not be convex.

2.1.2.3 Impulse-based simulations

Impulse-based simulations model only free motion and collisions (Figure 2.7). They enforce rigidity exactly, by
representing any interaction as staggered collisions and computing impulses that prevent body interpenetration.
Contact is represented as a series of microcollisions. Friction is dealt with during microcollisions. The impulse-
based technique was proposed in [62] and was developed into a general purpose simulation package in [110].
Recently, the physical accuracy of the method was traded off for efficiency by adding heuristics that enable
interactive performance for simulations as large as 1000 cubes in an “hourglass” [134]. These heuristics are
visually acceptable, since the number of virtual objects is too large for humans to be able to predict the natural
motion of individual bodies. Impulse-based simulations are suitable for simulating systems with frequently
occurring impacts (such as a part feeder, for example), but inefficient at simulating systems with joints and

persisting contacts.

X
Free motion Collision

Figure 2.7: The contact states in an impulse-based rigid multibody simulation.
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A haptic implementation of the impulse-based method was proposed in [34], but the results were not
encouraging. In particular, the perception of contact was not convincing and users could not feel friction,
regardless of the fact that it was built into the collision model [34]. There are two possible causes for this.
First, the representation of contact through series of microcollisions could be satisfactory for visual feedback,
but inappropriate for kinesthetic feedback. Second, it might be challenging to reconcile fixed step integration
with exact enforcement of rigidity in a physically meaningful manner. For example, invalid impact states can
result during a fixed step impulse-based simulation. These are states where two objects are in contact, but they
are separating from each other and collision impulses cannot be computed. Because only collisions are modeled,
contact can be maintained only by assigning a “computational” contact state to the objects. Assignments of a
“computational” contact state other than those used in [34] might be needed to enable users to feel friction.

This overview of physically-based simulation techniques with interactive performance reveals that no type
of coordinates or simulation method is ideally suited for generating the rigid multibody virtual environment in
haptic applications. For example, further work is required for guaranteed stable interaction with penalty-based
simulations and constraint-based rigid multibody haptic simulations have yet to be demonstrated. Additional
difficulties in rendering rigid contact arise from the fact that the haptic controller has limited capabilities
(limited bandwidth and motor power, for example). Therefore, it cannot prevent user penetration into the
constraints. Nevertheless, psychophysical experiments [90, 125] have demonstrated improved perception of
contact rigidity if large forces are applied to users upon contact. The present research associates such large
forces with collisions and develops a collision resolution method suitable for haptic interaction. To put this
method in perspective, relevant work in impact simulation is overviewed in the following section. As before, the

emphasis is on the ability of prior models to realistically model collisions while achieving real-time performance.

2.2 Impact simulation

Impact simulation is important in a large number of applications, including analysis of vibrations in ma-
chines [120], simulation of robotic pushing [101] and orienting [55] operations, virtual prototyping [1], and
interactive computer graphics [134]. At the same time, it is a challenging endeavor, mostly because the many
physical phenomena occuring during collisions (restitution, tangential compliance, jamb, vibrations) are diffi-

cult to capture into simple models that apply to both single and multiple collisions. Therefore, many collision
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(or impact or restitution) laws (or rules) were proposed that aim to realistically predict the collision outcome.
They fall into three categories: compliant, differential, and algebraic collision laws [27].

Compliant [57, 86, 87,106] and differential [15,18,23,24, 78,99, 115, 145] impact laws treat collisions as
phenomena with a finite duration, derive the corresponding equations of motion (under the assumption of
constant body positions), and integrate them in order to compute post-impact body velocities. Such rules are
adequate for resolving simultaneous collisions with friction [86,99], i.e., they predict collision outcomes that
agree with basic constraints like nonnegative energy dissipation and the Coulomb dry friction inequality at
the impulse level. However, compliant and differential restitution laws require much smaller integration steps
during collisions. Hence, they are not suitable for simulations with interactive performance.

Algebraic collision laws [4,7,26,35,63,120,137,142,143,151] ignore the mechanics of the interaction and
predict the collision outcome using various generalizations of Newton’s and Poisson’s rules. Newton’s law relates
the pre-collision (v, o) and post-collision (v, ,) relative normal contact velocities? through the coefficient of
restitution e:

Up.n = —€Ur n0- (2.7)

Poisson’s rule decomposes the collision into compression and restitution and relates the normal impulses during

restitution p, , and compression p, . through the coeflicient of restitution e:

Pnyr = —€Pnc- (28)

The coefficient of restitution e € [0, 1] describes the nature of the collision, with e = 1 corresponding to perfectly
elastic collisions (zero energy loss), e = 0 corresponding to perfectly plastic collisions (maximum energy loss),
and intermediate values corresponding to plastic collisions (some energy loss). Friction is incorporated into

collisions through Coulomb’s dry friction law, by requiring that:

Dt < Upn, (2.9)

2In this work, “normal” indicates the component of a vector along the direction normal to the contact plane, while “tangential”
indicates the component of the vector in the contact plane. The normal direction and the tangent plane are well defined almost
everywhere.
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if Newton’s restitution hypothesis is employed, or:

IN

pt,r ,upn,r

, (2.10)
Pte < HPnc
if Poisson’s rule describes the collision. In Equations (2.9) and (2.10), p is the coefficient of friction, and
the subscripts n and ¢ indicate vector components along the contact normal and in the contact (tangent)
plane, respectively. Multi parameter algebraic collision rules were also proposed in prior work [35,120]. These
laws model phenomena like tangential compliance in addition to restitution and friction. They are employed
primarily when the need for accuracy outweights the need for performance.

Algebraic collision laws are suitable for simulations with interactive performance because they do not require
integration during collisions. However, their direct application to multiple collisions may result in energetically
inconsistent results (i.e., an increase in the kinetic energy of the colliding bodies or dissipation of energy for
perfectly elastic collisions), as pointed out in [26,27,78,145]. Some event-driven constraint-based simulations
avoid such difficulties by sequencing collisions according to various heuristics [35,134]. However, collision
sequencing is not suitable for haptics because it is not guaranteed to terminate in a finite number of steps [35].
Techniques for resolving multiple collisions simultaneously are needed. Such techniques were developed by
formulating the dynamic response based on the complementarity rule and combining it with the time integration
in time-stepping simulations. Time-stepping algorithms were developed based both on Newton’s [112] and on
Poisson’s [6 8,37,104,142,143] restitution hypotheses. However, most existing time-stepping algorithms resolve
the simultaneous collisions by iteration [7,8,104,112,142,143], thus having no guaranteed completion time.
Time-stepping methods with guaranteed completion time [6,37] have been proven not to increase the kinetic
energy of the system only for perfectly plastic collisions between smooth convex objects [6]. The extension of
these algorithms to arbitrary coefficients of restitution and polyhedral objects is an open research question.

This brief survey of restitution laws employed for impulse simulation indicates that only algebraic rules
are suitable for algorithms with real time performance. Moreover, these rules must carefully be extended to

simultaneous collisions to ensure that the kinetic energy of the system does not increase during collisions.
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2.3 Haptic interaction within rigid multibody virtual environments

To enable haptic interaction with rigid multibody virtual worlds, prior haptics research either developed special-
purpose dynamic response algorithms or employed methods already proposed in computational dynamics,
robotics, and graphics. Specific force computation techniques were developed: (i) for point interaction with
static collections of polyhedra [129,150,155]; (ii) for point interaction with static objects described by implicit
functions [97,133]; (iii) for line interaction with static polyhedral environments [17]; and (iv) for rigid body in-
teraction with static environments represented as voxel maps [103,123]. Realistic rigid body interactions within
dynamic multibody environments were computed using the general-purpose simulation methods described in
Section 2.1.2.

Most special-purpose techniques developed in haptics are penalty-based methods that achieve improved
performance by taking advantage of the specific representation of the virtual environment [97,103,123,133] or
the virtual tool [17] to speed up collision detection. The “god-object” [150,155] and the “virtual proxy” [129]
techniques are constraint-based algorithms designed to overcome difficulties inherent in fixed step penalty-based
simulations. They represent the user’s finger through a point (sphere) that follows the user’s motion as close
as allowed by the objects in the virtual environment. These methods eliminate disadvantages inherent in fixed
step penalty-based techniques. Namely, they prevent users from moving through thin objects in one simulation
step and uniquely define a penetration distance at environment corners. In turn, users perceive constant
environment stiffness throughout the interaction (while they perceive higher stiffness at concave corners and
lower stiffness at convex ones in penalty-based simulations). However, the extension of the god-object and the
virtual proxy methods to rigid body interaction is not straightforward [126]. Moreover, the perceived rigidity of
virtual worlds simulated using these methods is similar to that of penalty-based environments. This is because
god-object and virtual proxy simulations do not compute constraint-based forces and impulses and users feel
only penalty-like forces applied to them by the interaction controller.

Haptic rendering of rigid body interaction with dynamic multibody virtual environments was enabled in
prior work by employing all general-purpose simulation methods described in Section 2.1.2. The impulse-
based technique did not adequately render contact and friction in an initial implementation [34] and was
not pursued further. Penalty-based simulations are currently used in conjunction with advanced collision

detection algorithms. These algorithms achieve real time performance through combining local and global
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search techniques [59,75,76,83,85] and eliminate artifacts due to discrete object representation through mesh
decimation and mesh filtering methods [117]. Event-driven [22,128,149] and time-stepping [139] constraint-
based simulations were used in haptics by bridging the gap between the virtual environment performance and

the required haptic rate either through control or through a local model of interaction.

2.3.1 Haptic controllers

Control approaches aim to eliminate the instability caused by the (nonuniform) computational delay of the
virtual environment through added virtual damping. They curb the energy flow from the virtual environment
by using a “virtual coupler” [3,42] (Figure 2.8). The virtual coupler is a stiffness and damping connection
between the haptic interface and the virtual environment that limits the maximum impedance displayed by
the device. It guarantees stable interaction with passive, nondelayed virtual environments [3]. Although the
passivity and the nondelayed assumptions are quite restrictive, the virtual coupler is often used for enabling
interaction with simulations with variable delay [22,128,138,139]. Nonlinear damping was proposed in [65] to
passivate the discrete implementation of virtual contacts and design guidelines were derived in [105] for adding
virtual damping that guarantees stable interaction with both delayed and nondelayed nonlinear mass-spring-

damper (i.e., penalty-based) environments.
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Figure 2.8: The virtual coupler.

One problem with adding virtual damping is that it degrades the transparency of the interaction by filtering
out phenomena that rely on fast force transitions, such as collisions and stick-slip friction. In addition, the
virtual coupler is a conservative design. The damping must be chosen such that stable interaction is guaranteed
for the worst case interaction. A less conservative design was proposed in [95]. Specifically, for virtual envi-
ronments with dynamics represented through several nonlinear functions, a virtual coupler was used for each
function and stable switching between the various virtual couplers was devised based on passivity of hybrid
systems arguments. However, stability is achieved by delaying the switches compared to the user commands,

which, again, degrades transparency.
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2.3.2 Local models of interaction

The local model of interaction approach decouples the force computation loop from the virtual world simula-
tion. The decoupling alleviates the haptic rate demand on the simulation. Therefore, virtual environments of
increased complexity can be rendered and multiple networked users may be allowed to manipulate the same
virtual environment. However, realistic haptic feedback can be applied to users only if the setpoints of the
control loop are suitable approximations of the forces acting on the virtual tool (i.e., the virtual object manipu-
lated by the user). The techniques proposed for approximating the virtual interactions within rigid multibody
virtual environments are presented in this section.

The decoupling of the force computation from the virtual environment was first proposed in [79], in a
haptic extension of the X-Windows graphical user interface (GUT). A haptic model of the GUI, running on a
microcontroller, was used to compute forces at a fixed control rate of 1kHz. The model included constraints
corresponding to window borders, pull-down menus, cursor forces towards icons, etc., and was updated asyn-
chronously by the X-Windows host according to the status of the GUI. A local model was not needed due to
the relative simplicity of the virtual environment (few constraints, typically horizontal and vertical).

The earliest local model of force computation used in the control loop was proposed in [2] for point interaction
within virtual environments. It included the position of the active constraint and its outward normal. Hence, it
was a geometrical local model of the virtual environment. The local geometry shifted the computational delay
of the simulation to delay in updating the local geometry. Therefore, larger contact stiffnesses were achievable,
but force discontinuities arose at model updates due to geometry discontinuities. The force discontinuities
introduced perceptual artifacts or destabilized the interaction.

Improvements to this geometric local model aim to preserve stability and eliminate the perceptual artifacts
by applying continuous forces to users. In [149], kinematic constraints were proposed for diminishing force
discontinuities due to point contact with dynamic objects. The kinematic constraints are geometric constraints
that move locally with constant speed, equal to their speed in the virtual environment at the moment of
the update. Hence, the local model uses a first order predictor to compute the constraint position between
simulation updates. Rather than augmenting the local model, a force smoothing scheme based on linear
interpolation between old and new constraints was designed in [100]. The most advanced local model of point

interaction was presented in [119]. This model includes all virtual environment geometry that might be reached
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by the user until the next simulation update. Predicted geometry is selected based on the velocity of the user.
This model was shown to ensure the continuity of the local geometry for user speeds of 0.2m/s in an environment
with an average edge length of 7.5mm, typically running at 20Hz. One disadvantage of this model is that it is
computationally expensive, at times barely finishing in one simulation step [119].

A local model of rigid body interaction, called the intermediate representation, was proposed in [21]. The in-
termediate representation includes all active constraints, enabling the user to feel crisp, stiff contacts. However,
instability arose during tightly constrained motions of the virtual tool, such as during peg-in-hole insertion.
Therefore, the intermediate representation was used to constrain only the translation of the haptic interface
and a virtual coupler was employed to constrain its rotation.

Local models were also proposed for haptic interaction with deformable objects [9,14,96]. They aim to
accurately render variations in model stiffness to users. Hence, these models are not suitable for rigid body
interaction, which requires users to feel constant environment stiffness, but varying inertia and restrictions
imposed on their motion by other virtual objects.

Increased transparency can be achieved within local models of interaction if continuity is ensured at updates.
This is because users can feel stiffer contacts, impacts, and dry friction. A synopsis of the techniques employed

for rendering impacts and friction to users is presented in the following sections.

2.3.3 Haptic rendering of impact

A key factor in enhancing the realism of the haptic manipulation of rigid multibody virtual worlds is the
perceived contact rigidity. As demonstrated by psychophysical studies [90,125], the perceived rigidity of virtual
contacts can be improved through applying large forces to users when new contacts arise. However, little haptics
work exists that enhances the perception of rigidity through applying large forces to users when new contacts
arise.

The earliest large forces rendered to users are the “braking pulses” [131]. The braking pulses arise from a
virtual wall model with high initial contact damping. They are designed to dissipate the entire kinetic energy
of the haptic device during point interaction within virtual environments. Hence, the braking pulses can also
be interpreted as impulsive forces arising due to a perfectly plastic collision. They are shown to improve both

the stability and the perceived rigidity of the contact.
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Large forces applied on users upon contact during rigid body manipulation of virtual worlds were physically
motivated either as “pre-contact braking forces” [103] or as impulsive forces [43,44]. The pre-contact braking
forces arise from the interaction with a viscous layer surrounding the virtual objects and dissipate the transla-
tional kinetic energy of the virtual tool along the direction of approaching contact. The impulsive forces arise
from a planar model of rough impact employing on Poisson’s restitution rule. Simultaneous collisions satisfy
this model in a least squares sense and their passivity is not proven.

Recently, open loop force pulses [71] were used to increase the perceived rigidity of surfaces. In addition to
canceling user’s momentum upon point contact with a rigid environment, the open loop pulses generate high

frequency vibrotactile content that approximates the frequency content of contact with real surfaces.

2.3.4 Haptic rendering of friction

Since friction is ever-present in the physical world, realistic haptic manipulation of virtual environments requires
it to be suitably simulated and applied to users. Several friction rendering techniques exist in haptics, all of
them approximating Coulomb (dry) friction. Of course, Coulomb friction is only a macroscopic approximation
of microscopic phenomena. Nonetheless, user studies [124] have shown that haptic rendering of dry friction
affects task performance in a manner similar to that of real friction.

Haptic rendering of friction is based on the simulation models proposed by Dalh [45], Karnopp [77], and
Haessig and Friedland [61]. Various modifications of the Karnopp model were employed in [113,124,131,155].
For example, viscous friction replaced kinetic friction in [131], the sticking region was designed based on the
characteristics of the human finger pad in [113], and both kinetic and viscous friction were used in [124]. The
bristle model proposed by Haessig and Friedland was used to simulate both friction and adhesion in [36]. Lastly,
a modification of the Dahl model was proposed in [67] that eliminates the spurious position drift of the original
model. Additionally, the modified model depends only on position, which makes it robust to noise and suitable

for implementation in event-based simulations with non-uniform sampling. An implementation of the modified

Dahl model for haptic interaction with a virtual environment through a virtual tool was reported in [85].

2.3.5 Summary

Rigid multibody modeling and simulation techniques with interactive performance have been developed in

computational mechanics, robotics, and graphics research. The potential of these techniques to meet the
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specific demands of haptic manipulation of virtual environments (guaranteed real time performance for stable
and transparent interaction, and physical realism for meaningful force feedback) has been considered. The
investigation has shown that constraint-based and impulse-based techniques represent the physical interaction
more accurately than penalty-based techniques, because they enforce exact contact rigidity. However, perfectly
rigid contacts are compatible with the fixed step haptic integrators only if multiple collisions are resolved
simultaneously and a constraint stabilization mechanism is available. In existing research, only constraint-based
simulations of virtual environments with perfectly plastic contacts have been developed that are compatible
with fixed step integrators.

Haptic multibody simulation techniques, approaches to guaranteeing the force computation rates in arbi-
trarily complex virtual environments, and methods for increasing the realism of the interaction through impact
and friction rendering have also been overviewed. Regardless of how the virtual world is generated, haptic force
update rates are achieved in prior research by connecting the simulation to the device through a virtual coupler,
i.e., by applying penalty-like forces to users through control. Decoupling of the simulation from the control
loop through a local model of interaction has been demonstrated only for point interaction, while impact-like
forces have been applied only to users interacting with planar virtual environments.

A novel haptic simulation approach that allows users to feel impacts during their rigid body interaction
within spatial virtual environments is presented in the following chapter. Its implementation in a local model

of rigid body interaction is detailed in Chapter 6.



Chapter 3
Experimental setup

This chapter presents the haptic interaction system that will be used throughout this thesis to validate newly
proposed simulation and control techniques that enable efficient and transparent haptic rendering of rigid body
motion with constraints.

All experiments described in later chapters use the planar haptic simulation system depicted in Figure 3.1.
This sytem comprises: a haptic device together with its input/output (I/O) interfaces and power ampli-
fiers [136]; a haptics (real time) processor; and a graphics (host) processor with a graphical display. The haptic
device is a 3 DOF interface that has a workspace larger than 100mm x 100mm and allows unlimited rotation.
Hence, it enables planar rigid body haptic manipulations. The haptics processor is a 7T00MHz Pentium III per-
sonal computer running VxWorks”™ | while the graphics processor is a 2.4GHz Pentium IV personal computer
running Windows2000” M. The two processors communicate via a UDP socket. As depicted in Figure 3.2, the
communication between the virtual environment simulation and the force control loop is implemented using

two software architectures.
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Figure 3.1: The planar haptic simulation system used for experiments through-
out this thesis.
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Synchronous communication is implemented by running both the virtual environment and the device control
on the haptics processor (see Figure 3.2(a)), at a frequency of 512Hz. In this architecture, the graphics processor
only displays the virtual environment, at a frequency of approximately 30Hz. The graphics processor acts as
the server and polls the socket for new data asynchronously, each time it has finished displaying the old data.
The haptics processor serves as the client and updates the socket at the end of each control step.

Asynchronous communication is implemented by running the force control loop and the local model of
interaction proposed in Chapter 6 on the haptics processor at 512Hz (see Figure 3.2(b)). In this architecture,
the graphics processor both generates and displays the virtual environment, at frequencies varying between
30Hz and 60Hz. The haptics processor acts as the server. Hence, the local model polls the socket for new
data at the beginning of each control step. When new data are available, the local model updates its state and
acknowledges the receipt of the packet by sending back the proxy state. The virtual environment sends packets
asynchronously, each time it has completed a simulation step. Vortex”™ a physics based engine developed
by CMLabs Simulations Inc.!, is used to generate the virtual environment in the asynchronous communication
architecture.

The force control loop comprises two components: the haptic interaction controller and the device con-
troller. The haptic interaction controller [136] implements a four channel teleoperation architecture [89]. In the
synchronous communication paradigm, the four channel controller transmits wrenches (i.e., forces and torques)
between the device and the virtual object manipulated by the user (hereafter called virtual tool), and coor-
dinates positions between them. In the asynchronous communication paradigm, the four channel controller
transmits wrenches between the device and a proxy of the virtual tool in the local model of interaction, and
coordinates positions between the haptic interface and the proxy. The impedance device controller [136] shapes
the dynamics of the haptic interface to match those of the virtual tool or of the proxy when the synchronous or
the asynchronous communication architectures are used, respectively. Both controllers are presented in further
detail in Appendix D.

All experiments later described in this thesis use the planar haptic simulation system described in this
chapter and the synchronous and the asynchronous testbed virtual environments depicted in Figures 3.3(a)

and 3.3(b), respectively. In both virtual environments, the moving objects have mass m = 2kg and moment of

Twww.criticalmasslabs.com
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(b) Asynchronous communication.

Figure 3.2: Communication between the virtual environment simulation and the
force control loop in the planar haptic interaction system used in this
thesis.
inertia I = 0.005kg-m?2. The links of the virtual linkage in Figure 3.3(b) are numbered from the proximal link
to the distal one. They have masses m; = 3kg, mo = 3kg, ms = 1kg, moments of inertia I; = 0.015kg-m?,
I, = 0.015kg-m?, I = 0.005kg-m?, and lengths [; = 4.2cm, I, = 4.2cm, I3 = 3cm, respectively.

Several experiments presented in later chapters require performance comparisons between the simulation and
control methods developed in this thesis and prior approaches. Since users are not able to apply the exact same
interaction wrenches during successive trials, these experiments cannot involve manipulations performed by
humans. To enable comparison, these experiments are controlled experiments. The same initial conditions and
the same “user” are ensured during one experiment through replacing the user’s hand by controlled wrenches.
Since the haptic device is an impedance-type interface, elimination of the adaptive damping associated with

the user manipulation of the device represents a worst-case scenario for stability [64].
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(a) Virtual environment synchronous with the haptic loop. (b) Virtual environment asynchronous with the haptic loop.

Figure 3.3: Testbed virtual environments used in the experiments.



Chapter 4
Haptic rendering of rigid contact

An impulse-augmented penalty simulation approach is proposed in this chapter that enables users to feel
collisions during their haptic manipulation of rigid multibody virtual environments. The chapter starts with
a synopsis of the proposed approach and of the haptic controller that applies the simulated interactions to
users. Then, the rigid body contact model underlying the impulse-augmented penalty approach is discussed.
The dynamics employed during contact are subsequently presented. These dynamics include a friction model
developed in computational dynamics [61] that is for the first time employed for haptic rendering of dry
friction, and is compared through simulations and experiments to existing models. The dynamics used upon
contact follow. Next, the performance of the impulse-augmented penalty simulation approach is compared
to the performance of existing approaches through simulations. Limitations imposed by the haptic device are
discussed and a solution is devised to address them. Lastly, experiments are presented to validate the simulation
results presented in earlier section. Coordinate invariant representation of contact at the user’s hand is deferred
to the following chapter.

The performance of the impulse-augmented penalty simulation approach is contrasted to the performance
of prior approaches through investigating the realism and the stability of the haptic interaction. The realism of
the interaction is assessed through evaluating the transient response of the closed loop system that comprises
the user, the device, and the virtual environment simulation. A closed loop system with smaller overshoot and
shorter settling time represents more realistic interaction. This is because smaller overshoot means that users
violate the virtual constraints less, and shorter settling time means that users stop faster upon contact with a

static virtual environment. In other words, the trajectory imposed on users by the virtual constraints is closer to

32
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the trajectory that a physical rigid environment would impose on them. The stability of the haptic interaction
is defined as the coupled stability (in the sense of limited velocities and forces [39]) of the closed loop system
that comprises the user, the device, and the virtual environment simulation. Since a feedback interconnection
of passive systems is necessarily stable [148] and the haptic device and the user are passive [69], the passivity
of the simulation guarantees the coupled stability of the haptic interaction. Furthermore, enhanced passivity
of the virtual environment enhances the passivity of the closed loop system, thereby improving the stability of
the haptic interaction. Therefore, interaction stability is assessed in this thesis through examining the passivity
of the virtual contacts by monitoring the kinetic energy of the user’s hand during the interaction.

The schematic of haptic interaction within rigid multibody virtual environments generated using the meth-
ods introduced in this chapter is shown in Figure 4.1. In this figure, F}, is the user-applied wrench (force
and torque), F.,, is the environment wrench represented at the user’s hand, and f; and f, are contact forces
between the virtual tool and other virtual objects. Furthermore, x;, and x5 are the body position (position
and orientation) and the body velocity (linear and angular velocity) of the user’s hand, and Xgipm p and Xgim,n

are simulated body position and body velocity of the user’s hand.
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Figure 4.1: Haptic manipulation in an impulse-augmented penalty virtual
world.

4.1 Synopsis of the impulse-augmented penalty simulation and of

the haptic controller

The impulse-augmented penalty simulation approach is motivated by user studies [90, 125] that demonstrate
that the perceived rigidity of virtual contacts can be improved by applying large forces to users upon contact.
The approach computes impulsive forces upon contact and then penalty and friction forces during contact. The
impulsive forces are derived using a new collision resolution method that never increases the kinetic energy of

the simulated system. When new contacts arise, the impulsive forces generate large hand accelerations without
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requiring increased contact stiffness and damping.

The approach generalizes earlier work in [131] in two ways: (i) it allows the energy dissipated upon contact to
be adjusted through the coefficient of restitution; and (ii) it is suitable for rigid body manipulation, as opposed
to point interaction. Compared to earlier work in [43] and [44], it uses a new contact model and Newton’s
restitution hypothesis for collision resolution. The contact model allows transitions to collision from all contact
states. Therefore, rigid body contact is represented more accurately (see Section 4.2) and the simulation
can account for device limitations (see Section 4.5.2). Newton’s restitution law allows multiple collisions to
be resolved such that the kinetic energy of the system does not increase during collisions. Manipulation of
both virtual objects and linkages is enabled through simulating the dynamics of the virtual environment in
configuration space. In this space, virtual objects and linkages are represented as points and no distinction
between them is necessary.

Ultimately, transparent haptic interaction is achieved by applying the simulated contact forces to users
through a suitable haptic controller. The controller used for interaction with impulse-augmented penalty virtual
worlds is a four channel teleoperation controller [136]. It coordinates both positions and forces between the
virtual tool and the haptic device, as shown in Figure 4.1. The two position coordination channels implement
a generalized (translational and rotational) spring-damper connection (i.e., a proportional derivative - PD -
controller) between the virtual tool and the device, maintaining kinematic correspondence and eliminating
drift. The two force coordination channels apply the hand wrench (force and torque) Fj, to the virtual tool in
the simulation, and the environment wrench to the user. Unlike haptic controllers that employ only position
coordination and apply just penalty-like wrenches to the user’s hand [3,42], the four channel teleoperation
controller directly applies the simulated impulsive interactions to users through its force channels. Hence, it
enables users to feel collisions and improves the stability and the perceived rigidity of the virtual contacts.

Figure 4.2 illustrates the behavior of the impulse-augmented penalty simulation: upon contact (Fig-
ures 4.2(b) and 4.2(d)), the rigid body contact model exactly enforces contact rigidity, while during contact

(Figures 4.2(c) and 4.2(e)), contact rigidity is only approximated.
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Figure 4.2: The impulse-augmented penalty-based rigid body contact model:
contact rigidity is exactly enforced upon contact and only approxi-
mately enforced during contact.

4.2 The contact model

The impulse-augmented, penalty-based, rigid-body-contact model is a dynamic model rather than a geometric
one. It is used for computing interaction forces and impulses, based on the geometric information provided by a
collision detection algorithm that is implemented in the virtual environment. Typically, the collision detection
algorithm decomposes each rigid object into a collection of convex polyhedra and computes contacts between
pairs of these polyhedra [85]. In three dimensional (3D) virtual environments, these contacts represent either
vertex-face or edge-edge contacts', Figure 4.3. For each contact, it provides a contact point gp, a penetration

depth (equal and opposite to the separation distance s between the bodies), and a contact normal direction n.

(a) Vertex-face contact. (b) Edge-edge contact.

Figure 4.3: Contact information received from collision detection.

LAll other types of contacts, for example face-face contacts, are represented as a finite number of vertex-face and/or edge-edge
contacts [152].
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In the impulse-augmented penalty simulation approach, a contact is defined by this geometric information
plus the contact velocity v. The contact velocity is the relative velocity between the contacting polyhedra at
the contact point. It is defined such that the normal contact velocity v, (i.e., the component of the contact

T'.v) is negative if the polyhedra move into each other. A penetrating

velocity along the contact normal v, = n
contact is a contact with negative normal contact velocity v, < 0. A separating contact is a contact with
nonnegative normal contact velocity v,, > 0.

Given a rigid multibody virtual environment, two rigid bodies are said to be in the same contact group if
there exists a chain of contacting moving rigid bodies? between them [122]. The rigid body contact model has
three states: free motion, colliding contact, and resting contact. A rigid body is said to be in free motion if it
has no contacts. A rigid body is said to be in colliding contact if at least one new penetrating contact exists
within its contact group. Finally, a rigid body is said to be in resting contact if it is neither in free motion nor
in colliding contact. Note that a body can have non-zero acceleration and velocity during “resting contact”.
This terminology is used in the present work to maintain consistency with prior literature on the subject [152].

Note that, due to the fixed time step of the haptic simulation, bodies may transition from free motion to
resting contact. An example is depicted in Figure 4.4, where contact A does not exist at time ¢ and is already
a separating contact at time ¢ + 1. Hence, collisions might be missed in an impulse-augmented penalty virtual

environment. Note also that bodies may remain in colliding contact for multiple consecutive simulation steps

because new penetrating contacts may appear at every step.

Figure 4.4: Example transition from free motion to resting contact during a
fixed step haptic simulation. w is the angular velocity of the body,
v is the velocity of its center of mass, v4 is the velocity of point A
on the body, and t is the time step of the simulation.

By including the colliding contact state, the impulse-augmented penalty-based rigid body contact model

approximates rigidity better than the penalty-based model. The tradeoff is that, by allowing body interpene-

2as opposed to static bodies, i.e., rigid walls.
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tration during resting contact, the model provides a poorer approximation of rigidity than the constraint-based
contact model. The combination of approximate and exact constraint enforcement requires penalty-based rest-
ing contact dynamics and constraint-based collision resolution. The numerical methods employed to simulate
resting contact are presented in the following section. The simultaneous resolution of multiple collisions is

discussed in Section 4.4.

4.3 Resting contact

This work considers the case in which users manipulate both virtual objects and virtual linkages (i.e., the virtual
tool can be a single object or a chain). Realistic forces during these types of interaction can be computed by
representing the virtual world dynamics either in Cartesian space or in configuration space. In Cartesian space,
constraint equations must be added to maintain the bilateral constraints and the simulation must integrate a
computationally expensive differential algebraic system of equations for which constraint satisfaction may be
problematic. In configuration space, the bilateral constraints are embedded in the coordinate representation.
In this case, only a reduced number of coordinates must be integrated and bilateral constraint satisfaction
is guaranteed. Therefore, configuration space dynamics are used in the proposed simulation to compute the
interactions between the virtual tool and the virtual world.

Since bilateral constraints are incorporated in the coordinate representation, only contact and user applied
forces must be included in the dynamics equations. Consider a contact group with d degrees of freedom (DOFs)

and ¢ resting contacts. In configuration space, its dynamics are:

D (@)d+B(ad)+G (@ =37 (@)f+I] (@F. (@1

In Equation (4.1), D (q) € R%4*¢ is the configuration space inertia matrix of the contact group, B (q, q) € R?
represent Coriolis and centripetal effects, G (q) € R? are the gravitational terms, J; (q) € R**? is the Jacobian
computed at the i-th contact, f; € R? is the Cartesian space contact force at the i-th contact, Jj (q) € R6*?
is the Jacobian computed at the user’s hand, F), = (th TZ)T € RS is the wrench applied by the user (with
f, € R? being the user-applied force and T, € R? the user-applied torque), and q € R%, q € R?, and q € R?

are the configuration space positions, velocities, and accelerations, respectively (see Figure 4.5).

If the contact group consists of both virtual objects and virtual linkages, the matrices and vectors in
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0 @f 4] @E+] (@F.],

0" (@f+]@f+] . (@F.]

0@+ (@E+] (@E],
Figure 4.5: Example contact forces and and hand wrenches arising during the

haptic manipulation of a contact group with dynamics computed in
configuration space.

Equation (4.1) are obtained by concatenating the matrices and vectors corresponding to each object and

linkage. For example:

q" = <q]T qg> (4.2)
and: _ -
D (ai1) 0
D(q) = (4.3)
_ 0 ... D, (qm)_

In Equation (4.3), m is the total number of virtual objects and virtual linkages and the configuration space
dynamics of a virtual rigid body are the same as its Cartesian space dynamics.

The contact forces in Equation (4.1) have a component f, ; along the contact normal direction n;, modeling
contact rigidity, and a component f;; along the direction t; (orthogonal to the contact normal), modeling dry
friction:

fi = fnini + friti. (4.4)

Resting contact is enforced using penalties. Hence, the normal component of the contact force at the i-th

contact is computed by:

fn,i = _Kcontactsi (Q) - Bcontactvmi (q) . (45)

In Equation (4.5), Kcontact and Beontact are the contact stiffness and damping, s; is the separation between
bodies at contact (because bodies overlap, s; is negative and equal to the penetration depth of the contact),

and v, ; is the normal contact velocity. Dry friction can be simulated using any friction model that employs
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only local contact state information, such as [67] or [113]. However, the reset-integrator model proposed by

Haessig and Friedland [61] is implemented in this work, for reasons discussed in the following section.

4.3.1 Friction modeling

The reset-integrator model was first used in haptics in [43]. According to this model, the friction force at each

contact is computed by:

(1+a)K,z+ Bu if stick
fr= , (4.6)
K,z if slip

and the input to the integrator is:

v >0 and 2z > zg

or (slip)

v <0 and 2z < —z

\

2= otherwise. (stick)
In Equation (4.6), z is the strain of the bond between the contacting bodies, zy is the breakaway distance (i.e.,
the maximum strain of the bond), K, is a spring stiffness, a is the “stiction gradient”, v; is the sliding velocity
(i.e., the projection of the contact velocity on the contact plane v; = t7v), and 3 is a damping coefficient.
In a haptics implementation, the model may exhibit chattering because of noisy velocity measurements. This
difficulty is avoided by implementing a dead band of width 2wv,,;, around zero sliding velocity. Specifically,

Equation (4.7) is replaced by:

(
Ut > —Umin and z > zg
=0 if or (slip)
(4.8)
—Umin < Ut < Umin and z < —zp
Z=u otherwise. (stick)

In the reset-integrator model, the contacting points on the two bodies are connected by a spring with
stiffness (1 + a)K, during sticking and K, during sliding. A stiction gradient a = 0 describes contacts which

have a coefficient of static friction us equal to the coefficient of kinetic friction ug. A contact transitions
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from stick to slip when the strain of the bond exceeds the maximum strain zo and tends to increase further.
Otherwise, the contact transitions to slip. The oscillations occurring when entering stiction are damped by the
B term.

The role of the damping factor in controlling the transition from slippage to stiction is illustrated through
simulating the peg-in-hole manipulation depicted in Figure 4.6. In the simulation, the peg has mass m = 2kg
and barely fits the hole, the normal contact force at each contact is f,, = 0.175N, and all contacts have the
same coefficients of static us = 0.25 and kinetic ug = 0.2 friction. The breakaway distance is zg = 0.0lmm and
the velocity dead band is v, = 0.1mm/s. To match the experiments, the simulation time step is chosen %s.
The simulated position of the COM of the peg, the sliding velocity at each contact (equal to the velocity of
the COM of the peg), and the resultant friction force on the peg are shown in Figure 4.7 for three values of the
damping coefficient: (i) no damping, 8 = 0; (ii) critical damping, 8 = 118; and, (iii) overdamping, 8 = 1180.

For clarity, the figures depict the sliding velocity and the friction force only during the first 1.5 seconds of the

first stiction period.
| £=-0.1-0.1sin( [N]
] \i

Centre of Mass

(COM) 5 I

Figure 4.6: Simulated peg-in-hole manipulation.

The results in Figure 4.7 illustrate that the reset-integrator model successfully renders the slip-stick phe-
nomenon regardless of damping. In addition, underdamping results in oscillatory sliding velocity and friction
force during stiction. Critical damping and overdamping eliminate these oscillations when transitioning from
slippage to stiction. In haptics, the friction force oscillations may be used for changing the feel of the con-
tact. Psychophysical studies are required to clarify the relationship between the model damping and the user’s
perception of the contact characteristics.

By representing stiction through compliance in the contact plane, the reset-integrator model is similar to
other haptic dry friction simulation techniques reviewed in Section 2.3.4, such as the model based on the human

finger pad characteristics proposed by Nahvi et al. [113] and the modified Dahl method proposed by Hayward
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(b) Sliding velocity. (c) Resultant friction force.

Figure 4.7: Peg-in-hole simulation. Friction is simulated using the reset-
integrator model [61] with various damping coeflicients.

and Armstrong [67]. Like these methods and unlike the classical approximation of Coulomb friction (Figure 4.8),
the model does not exhibit drift. In addition, it can either render oscillations at the transitions from slippage
to stiction similar to the models proposed by Nahvi et al. [113] and by Hayward and Armstrong [67], or it can
eliminate these oscillations similar to the classical Coulomb model. This is illustrated through simulating the

manipulation shown in Figure 4.6 using the critically damped reset-integrator technique, the models proposed
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by Nahvi et al. and Hayward and Armstrong, and the classical approximation for implementing friction.

In the model based on the human finger pad characteristics [113], the slipping friction force f; is computed
by:
Vi
fr = pallnfl7—, (4.9)
[V ]

where pg4 is the coefficient of dynamic frcition, ||n|| is the magnitude of the normal force, and v; is the tangential

velocity of the haptic interface. Stiction begind when ||v;|| becomes smaller than a threshold velocity vip.

During stiction, the haptic interface is trapped in a circle of radius ‘,:—;‘ centered at c¢ by a spring of stiffness ky.

When the interace transitions from slippage to stiction, the stiction centre c is computed by:

Hd Vi

c=a— ——,
ky llvell

(4.10)
where a is the position of the haptic interface. The spring has a rupture limit of p,||n|| and slipping begins

when the haptic interface is Z‘—;’ away from the stiction centre.

In the modified Dahl model [67], the dry friction force f; is computed by:
V¢ z

f; = Tt F
1 “dHnHHthzmm

, (4.11)

where z is an internal position variable representing the distance from the sticking centre to the haptic interface
and 2,4, is the maximum value of this distance. Stiction occurs when z < z;,4., z is updated using forward
Euler integration, and the time rate of change of z is computed by:

vy if stiction, i.e., ||2|| < Zmaa
zZ= . (4.12)

v (1 — = sign(vt)) if slippage, i.e., ||z]| > Zmaz

Zmax

The simulation results are depicted in Figure 4.9. For clarity, the sliding velocity (equal to the peg COM
velocity) and the friction force are plotted only during the first 1.5 seconds of the first stiction period.

The damping included in the reset-integrator model allows an extra degree of freedom in designing the
contact characteristics: the higher the damping, the faster the oscillations occuring at the transition between
slip and stick are suppressed. Therefore, this model is considered most suited for force feedback and proposed

for use in haptics applications.
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SA
w,
s,

\ A

Vi

Figure 4.8: Classical approximation of Coulomb friction.

To experimentally validate the reset-integrator dry friction model, the same controlled interaction is im-
plemented on the haptic simulation system presented in Chapter 3, using the synchronous communication
paradigm. In the experiment, users insert the peg into the hole, release the device handle, and their hand is
replaced by the unidirectional sinusoidal force f, = (=1 — sin(t))N aligned with the hole axis. All investigated
friction models are used for simulating contacts with friction. Their parameters are adjusted such that the con-
tacts have coefficients of static and kinetic friction us = 0.25 and g = 0.2, respectively, a breakaway distance

zo = 0.0lmm, and a velocity dead band v,;;, = 0.1mm/s. The reset-integrator model is critically damped,

(8

Figure 4.10.

118). The trajectory of the peg COM and the forces applied to users along the hole axis are plotted in

The experimental results confirm that all friction models exhibit slip and stick. However, some transitions
from stick to slip are missed when dry friction is simulated using the model based on the human finger pad
characteristics. The experiments also demonstrate that the driftless Dahl model and the model based on the
human finger pad characteristics introduce perceivable compliance during stiction. This might not always be
desirable for rendering frictional contact between rigid bodies. The critically damped reset-integrator model
successfully eliminates such compliance. At the same time, the model can easily be adjusted to allow users
to perceive oscillations during stiction by decreasing its damping coefficient 5. Hence, the reset-integrator
friction simulation technique can render a wider range of behaviors during stiction. The advantage of the
reset-integrator model over the classical friction model is that it does not exhibit drift [61]. Presently, the
reset-integrator model of dry friction is implemented by critically damping the oscillations during stiction. A

physically meaningful choice of a damping coefficient requires future user studies.

The friction and contact models in Equations (4.5) and (4.6) show that only state information is used
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Figure 4.9: Peg-in-hole simulation. Friction is simulated using the critically
damped reset-integrator model [61], the model proposed by Nahvi et
al. [113], the modified Dahl model [67], and the classical dry friction
approximation.

in the impulse-augmented penalty simulation to compute the contact forces in Equation (4.5). Therefore,

Equation (4.1) can be directly solved for the configuration space acceleration:

g=D" <Z It +3'F, —B - G) . (4.13)

i=1
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(¢) Model based on human finger-pad characteristics [113].

(d) Reset-integrator model [61].

Figure 4.10: Forces felt by users and COM trajectories of a virtual peg sliding
with friction in a tight hole due to a sinusoidal force applied to
its COM. Various friction models are used to simulate dry friction.
Note that all models render slip and stick. Perceivable oscillations
occur during stiction when friction is simulated using the modified
Dahl model [67] (Figure 4.10(b)) and the model based on human
finger-pad characteristics [113] (Figure 4.10(c)). Some slip to stick
transitions are missed by the model based on the human finger-pad
characteristics [113] (Figure 4.10(c)).
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In Equation (4.13), the dependence on the instantaneous state of all terms on the right hand side of the equation
is implied. The configuration space acceleration is then integrated using a fixed step size integrator compatible
with the requirements of the haptic control loop.

The dynamics of resting contact discussed in this section are typical for penalty-based simulations. They
are used to approximately enforce rigidity during contact. Exact enforcement of rigidity upon contact is ac-
complished through implementing constraint-based colliding contact dynamics. These dynamics are presented

in the following section.

4.4 Colliding contact

The colliding contact state is introduced in the impulse-augmented penalty approach to improve the penalty-
based approximation of unyielding contacts. In conjunction with the fixed step size of the haptic simulation,
this state requires multiple collisions to be resolved simultaneously. Rather than incorporating contact rigidity

and dry friction into a complementarity formulation, the proposed approach uses three simplifying assumptions:
e that impulses develop at all contacts where bodies move into each other during a collision;
e that velocities of all colliding contact points obey Newton’s restitution law;
e and, that collisions are frictionless.

Unlike more accurate multiple collision models based on complementarity formulations [6,63,112,120], this new
technique is non-iterative and requires no further assumptions on the value of the coefficient of restitution or
on the shape of colliding objects.
The colliding contact dynamics are obtained through time integration of Equation (4.1):

c c
D4 = Dgo + Z/ I/ fidt = Dép + Y _ I ps. (4.14)

i=1 7 to i=1
In Equation (4.14), Dgp and Dq are the pre- and post-collision configuration space momenta and p; = ffto f;dt
is the impulse at the i-th contact. Since collisions are modeled as instantaneous events, i.e., t — tg, the hand
wrench and the gravitational forces do not contribute impulses to the impulse and momentum balance of the

system. Furthermore, apart from the collision impulses, no other external impulses are applied to the contact

group.
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In addition, collisions are assumed frictionless:
Pi = pin;. (4.15)

In Equation (4.15), p; is the magnitude of the i-th contact impulse. Then, the configuration space dynamics

of colliding contacts become:

Dq =Ddqo + »_ I/ n;p; = Dao + I p, (4.16)
i=1

where:
b= <p1...pz-...pc> (4.17)

is the vector of contact impulses, and:

T
Je = [JlTn] ...ani . ..Jz’nc} (4.18)

is the contact Jacobian. For a contact group with d DOFs and ¢ colliding contacts, Equation (4.16) represents
a set of d equations with d + ¢ unknowns, the post-collision configuration space velocity q and the contact
impulses p. The additional assumptions needed to solve this system are provided by the various collision laws
proposed in the literature [112], [63], or [6,120]. In this work, Newton’s restitution rule is used, because it
allows the development of a non-iterative solution that imposes no restrictions on the coefficient of restitution
or the shape of the colliding objects. Moreover, the kinetic energy of the contact group does not increase during
collisions.

For one colliding contact, Newton’s restitution hypothesis relates the pre-collision (v,g) and post-collision

(v,) normal contact velocities through the coefficient, of restitution e:
Uy = —€Upno- (4.19)

The coefficient of restitution e € [0,1] describes the nature of the collision, with e = 1 corresponding to a
perfectly elastic collision (no energy loss), and e = 0 corresponding to a perfectly plastic collision.

In configuration space, Equation (4.19) becomes:

n"Jy.q=—en"Jy,q0 (4.20)
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at a collision between body b; of the contact group and a static environment, and:

n’ (J,, —Jy,) a= —en” (J,, — Jp,) Qo (4.21)

at a self-collision, i.e., a collision between bodies b; and b; of the contact group. A more restrictive condition
is imposed at a self-collision in the proposed approach. Namely, the second simplifying assumption is imposed

on the contact group by requiring it to obey:

n’J,. q=—en’J; qo (4.22)

and:

n"J,,q=—en"J;,qo (4.23)

simultaneously. Equations (4.22) and (4.23) ensure both that Newton’s restitution law is observed and that the
proposed collision resolution technique maintains system passivity, as shown in subsequent derivations. Using

Equations (4.20), (4.22), and (4.23), Newton’s restitution law is restated as:

3

jc(.l = _ejcélo- (424)

Equation (4.24) represents a set of ¢ equations, where self-collisions are counted once on each colliding body.
Note also that the equal sign in Equation (4.24) embeds the first simplifying assumption used for resolving
collisions.

In the impulse-augmented penalty simulation approach, Equations (4.16) and (4.24) describe the dynamics
of colliding contact of a contact group with d DOFs and ¢ simultaneous collisions. Their resolution, theorems for
system passivity for both independent and overdetermined constraints, and the computation of the configuration

space impulsive interactions applied to users are presented in the following subsection.

4.4.1 Passive collision resolution

This section starts by showing that a contact group with one frictionless contact is passive if its colliding
contact dynamics are resolved using Newton’s hypothesis. The result is then extended to a contact group with

multiple independent and overdetermined contacts for which Equation (4.24) is used to ensure that Newton’s
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collision law is obeyed.

4.4.1.1 Independent constraints

Passivity of a contact group with a single colliding contact is shown by proving that:

Theorem 1 If a contact group described by the momentum equation:
Dg =Ddo + I p
has one frictionless colliding contact and the post-collision normal contact velocity is given by:
Up = —€Upg,
where e € [0,1] is the coefficient of restitution, then the post-collision kinetic energy of the contact group is:
KE=KEy— (1) 4l 77 7. DT .Joo < K Eg (4.27)

where J . = Dflch (jCD’lch)il is the dynamically consistent inverse of J. [81].

Proof The proof starts by computing the contact impulse by substitution of Equation (4.24) into Equa-

tion (4.16):
_ejcélO - jc(.lo + chilchp = P=- (1 + 6) (chilng)il jcélO- (428)

Then, the post-collision configuration space velocity results after substitution from Equation (4.28) in

Equation (4.16):
d=d - (1+e)D ' I (DI Tdo = (1— (1 +€) T ) do (4.29)

where I is the d x d identity matrix.
Next it is shown that:

DT.J. - I T.DT.J. = 0. (4.30)
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Indeed, using the definition of the dynamically consistent inverse of 7, and the symmetry of the inertia matrix:

D7.J. — I T. DT .J. =
= DD 7T (7D T g - gF (DT (JCD*JCT)”)TDD*JCT (7D 7N 7. =
S/ VR A W AR S (/8 » S A I S A (/A 0 S A0 U A

S/ 0% T £l R A £ (0% » B £ NG 4 Sy Al (/8 » Rt R A ) (4.31)

In Equation (4.31), (chflch)fT = (jCDflch)fl and D=7 = D! since they are symmetric. Furthermore:
— ey r =T =T —

(chjcfjc JCDJCJC) =J7'J9.D-J;J.DJ.J. =0. (4.32)

Then, the post-collision kinetic energy of the system is be computed as follows:

1 1 _ _
KE = E'ﬁmi:5q504(1+@j?jZ)D(Lfﬂ+eﬁﬂjaq0:

1 1 _ __ 7T

= 5aDao — (1+¢€) 347 (DT.J.+TFTID—(1+) T T DT .J.) éo =
1 __ _ _ _

= KBy~ (1+¢) 4] (2977 DT.J. — (1 +€) JTT.IDT.J.) o =

. —T .
= KEy— (1-¢) a7/ T.DT.T.o- (4.33)
Since cherjcjc is symmetric, it is positive semi-definite and:

KE<KE, Vee[0,1] Q.E.D. (4.34)

The contact impulse due to one collision given in Equation (4.28) is equal to the contact impulse computed
in prior complementarity formulations [112]. Hence, the simplifying assumptions embedded in (4.24) involve
no further approximation for the case of a single frictionless colliding contact. Moreover, the proposed colli-
sion resolution method uses the dynamically consistent inverse of the collision Jacobian, i.e., it is coordinate
invariant.

Kinetic energy is conserved during a perfectly elastic collision (e = 1). The loss of kinetic energy during
a plastic collision (e < 1) depends both on contact properties, as given by the coefficient of restitution e, and

on contact geometry and the contact group topology and geometry, embedded in J.. Various contact group
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topologies and geometries and various contact geometries result in either a total or a partial loss of kinetic
energy during a plastic collision. This is illustrated in Figure 4.12 for two different contact geometries of the
two link planar manipulator depicted in Figure 4.113. Note that the manipulator loses all kinetic energy during
a perfectly plastic collision between the distal link and a static environment, and it loses only a part of its

kinetic energy during a perfectly plastic collision between the base link and a static environment.

Ll g,

(a) Base link colliding with the environment. (b) Distal link colliding with the environ-
ment.

Figure 4.11: Two link planar manipulator whose loss of kinetic energy for var-
ious values of the coefficient of restitution is shown in Figure 4.12
for two contact geometries. The simplifying assumption in Equa-
tion (4.24) imposes the particular solution shown in Figure 4.12(b).
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(a) Base link colliding with the (b) Distal link colliding with the
environment (L1 = 0.7m). environment (L2 = 1.5m).

Figure 4.12: Loss of kinetic energy of the planar two link manipulator in Fig-
ure 4.11 during one frictionless collision for two contact geometries.

3The manipulator has link lengths I; = ls = 1m, link masses m; = my = 1kg, configuration space position q = (g O)Trad,

and pre-collision configuration space velocity qo = (1 I)Trad/s. The environment constraints at A and B are such that L; < 1m
and 1m< Lg < 2m, respectively.
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The collision resolution method employed for one colliding contact can be directly applied to resolve multiple
collisions simultaneously if the contact constraints are independent, i.e., J. is full row rank, and Equation (4.24)
is imposed to ensure that the post-collision configuration space velocity obeys Newton’s hypothesis. Then, 7, is
full row rank and the matrix jCD’lch is invertible. This can be easily shown by considering that its singular

values of bmD ™" and J. 7., Spin (D7') and Sy (JeJ.)"), respectively, obey:
a"ID T a> Spin (D7) @" TT a2 Spin (D7) Spain (77.7) @d" >0 Va # 0, (4.35)
where ¥,,;, (D™') is the minimum singular value of D~'. Equation (4.35) proves that 7.D~'7, is positive

definite, hence invertible.

4.4.1.2 Overdetermined constraints

If the contact constraints are overdetermined, 7. is rank deficient and the matrix jCD’leT is not invertible.
Nevertheless, its pseudo-inverse (JCD”JCT)Jr can be used to compute the contact impulses p, and the post-

collision configuration space velocity q according to:

p = —(1+e) (7D '7") T (4.36)

4 = d-(01+e)D "7 (7D 7" T (4.37)

Passivity of a contact group with overdetermined colliding constraints resolved simultaneously according

to Equation (4.37) results from the following theorem:

Theorem 2 If a contact group described by the momentum equation.:
Dg = Do + 7. p, (4.38)

has ¢ overdetermined frictionless colliding contacts and its post-collision configuration space velocity is given
by:
jcél = _ejc(.lo, (439)

where e € [0,1] is the coefficient of restitution, then the post-collision kinetic energy of the contact group is:
KE=KEy— (1-¢) &} T TnDT nTudto < K Eo. (4.40)

In Equation (4.40), Tn = D 'gr (jnD’]j,T)fl is the dynamically consistent inverse of J,, and J.! =
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T
{J,T jTT} , with Jp, full row rank.

Proof The proof follows the same reasoning as the proof of Theorem 1, where (ch’lch) s replaced by

(JCD’leT)T. The proof holds since:
(7.0 "7 = (7D 'y gD g (7o g (4.41)

Furthermore, it is shown in Appendix A that:

1

T (ID TN 7 =77 (7.0 T T, (4.42)
where 7" = [77  J']|" and 7, is full row rank, i.e., rank(7,) = rank(J.) = n. Then:

KE = KEy—(1-¢) & I7 T DT Tt =
2\ T 7T 17T “1 o 1 4T —1 7T\ T .
— KEO—(l—e)quc (D jc (ch ._76) ) D(D jc (ch jc) )jch:
= KEy-(1-¢?) &l 7" (7.0 ' 7" 7.0 7" (7.0 7") Téo =
= KF—(1-¢)al g (7D ' 7") T =

= KEy—(1-¢*)al I 72D nTutto- (4.43)

Since 7,1 7, DT 1 Jn is positive semi-definite and e € [0,1], it follows that the kinetic energy of the contact group
does not, increase during simultaneous collision resolution when the constraints are overdetermined regardless

of the value of the coefficient of restitution, i.e. KE < KE, Ve € [0,1] Q.E.D.

Similar to the case of independent constraints, the loss of kinetic energy depends both on contact properties,
through the coefficient of restitution e, and on the topology and geometry of the contact group and the geometry
of contact, through 7,,. Kinetic energy is conserved during perfectly elastic collisions (e = 1).

From Equation (4.42), it also follows that:

4 = q@-0+eD I (7D 7" T4y =

= q-0+e)D 77 (7D I Tudto. (4.44)
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In other words, the post-collision state of the contact group is the same regardless of whether the collisions are
resolved using the pseudo-inverse technique or the constraint overdeterminancy is eliminated before collision
resolution. Hence, the pseudo-inverse method is equivalent to selecting a set of independent constraints and

simultaneously resolving the collisions at these contacts as described in Section 4.4.1.1.

4.4.2 Rendering collisions to users

Collision impulses are rendered to users as impulsive forces through the haptic controller shown in Figure 4.1
at the beginning of this chapter. The configuration space impulsive torques to be applied to users’ hand T,
are computed such that, when integrated over one time step of the haptic simulation, they induce the same
change in the configuration space momentum of the contact group as the simulated collision impulses:

JI'p

Teno =73

(4.45)

In Equation (4.45), At is the time step of the haptic simulation and p are the contact impulses, computed

according to Equations (4.28) and (4.36).

The key feature of the haptic interaction within the impulse-augmented penalty virtual world described
above is that it enables users to feel collisions when new contacts arise. This is in contrast to existing haptic
interaction paradigms which apply only penalty-like forces to users. To demonstrate the advantage of the
proposed approach, the next section compares it to existing methods, as well as to the “ideal” case (i.e.,

physical interaction) through simulations and experiments.

4.5 The performance of the impulse-augmented penalty simulation

In this section, the performance of the impulse-augmented simulation approach is evaluated against the per-
formance of the penalty-based and the constraint-based approaches through simulated and experimental user

interactions within a planar virtual environment*. The evaluation is initially carried out assuming that the

4Note that the dynamics in Sections 4.3 and 4.4 are suitable for rigid body interaction within spatial virtual environments.
However, the approach is validated only for rigid body interaction within a planar virtual world in this thesis. This is due to
the fact that only planar (fz, fy. 7.) and point (fz, fy, f-) haptic interaction systems are available in the Robotics and Control
Laboratory. Furthermore, full rigid body force and torque feedback is required (fz, fy, 7. during planar interaction and fz, fy.
fz, Tz, Ty, T during spatial interaction) to guarantee that the kinetic energy of the user’s hand will not increase during collisions
as a result of the impulsive feedback. Unstable interaction may arise due to the lack of torque feedback.
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haptic interface can fully apply the simulated impulses to users. Device limitations are then taken into account,
and solutions are designed to address them.

Figure 4.13 depicts the virtual environment employed in the simulations. Users manipulate a rectangular
peg by applying forces and torques at its center of mass. The virtual world is connected to the haptic inter-
face through a unilateral coupler [155], [127] when generated using a constraint-based approach, and through
a four-channel teleoperation controller [136] when generated using the impulse-augmented penalty and the
penalty-based approaches. The unilateral coupler extends to rigid body interaction the controller used in the

5. It implements two spring-damper

god-object [155] and the virtual proxy [127] point interaction techniques
connections (one translational and one rotational) between the virtual tool and the device during constrained
motion and is inactive during free motion. The teleoperation controller coordinates both forces and positions

between the virtual tool and the haptic interface, as explained in Section 4.1. Schematics of the mechanical

equivalents of both controllers for 1 DOF interaction are shown in Figure 4.14.

Figure 4.13: Planar virtual world used in simulations and experiments. Starting
from rest and the position shown, the rectangular object is pushed
into the lower right corner by a controlled constant force.

In the simulations, the user applies a wrench Fp = (0.32N  — 0.4N ONm)T on the peg, i.e., they push
the peg towards the lower right corner of the virtual enclosure. The user-applied wrench is such that the peg
hits the vertical wall first. It then slides along this wall until it hits the horizontal wall and stops. This simple
interaction is chosen because it illustrates the performance of the approach for overdetermined constraints.
The peg has dimensions /; = 0.042m and I, = 0.021m, mass m = 2kg, and moment of inertia I = 0.005kgm?.
The virtual walls have stiffness K, = 4000N/m and damping B,,.; = 30N/(m/s). Collisions are considered
perfectly plastic (e = 0). The stiffness and damping of the position coordination channels of the teleoperation

controller connecting the proposed and the penalty-based virtual environments and of the unilateral coupler

5However, since it is not clear how the god-object and the virtual proxy simulations can be extended to rigid body interaction,
the virtual world is evolved using forward dynamics algorithms similar to those developed in graphics [11].
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Haptic Unilateral Virtual Haptic Four channel Virtual
device coupler environment| | device |4 controller_|¢ " | environment
< ~—— <
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Xy, _ Xiimn Xy, . Ximp

(a) The unilateral coupler during constrained motion. (b) The four channel controller.

Figure 4.14: 1 DOF mechanical equivalents of the controllers connecting the
haptic device and the virtual environment. Controller parameters
are given in Table 4.1.

connecting the constraint-based virtual world to the device are given in Table 4.1. The parameters of the
teleoperation controller are optimized for transparency [136], while those of the unilateral coupler are chosen to
match the impedance of the virtual contacts. To match the planar interface used for experiments, the haptic
device is modeled as an impedance device. Furthermore, the time step of the simulation and of the controllers
connecting the haptic interface and the virtual environment is chosen equal to ﬁs. In addition, the haptic
device is considered to have purely inertial dynamics and to be kinematically equivalent to the proxy, i.e., the

local device controller is not modeled. The user’s hand is modeled as a pure force source, which is a worst-case

scenario for stability when an impedance device is used [64].

Table 4.1: Parameters of the teleoperation controller and the unilateral coupler
connecting the virtual environment to the haptic device.

Four channel Controller Unilateral coupler

T T
Kcnord:(looN/m 100N/m 0.5N/rad) chz=(1000N/m 1000N/m 2.5N/rad)

Boora = (70N/(m/s) 70N/(m/s) 0.375N/(rad/s))T Bt = (50N/(m/s) 50N/(m/s) 0.125N/(rad/s))T

The performance of the haptic interaction paradigm proposed in this thesis is compared to that of existing

techniques in the following two sections.

4.5.1 Best performance

In this section, the planar interaction described above is simulated by assuming that the haptic interface can
fully apply the virtual impulses to the user. Hence, the best performance potentially achievable during haptic
manipulation of impulse-augmented penalty virtual worlds is investigated. Interface limitations are considered
and addressed in the following section.

Figures 4.15,4.16, and 4.17 depict the users’ hand trajectories, the forces felt by users, and the kinetic energy
of the users’ hand, respectively, while users move towards the virtual rigid corner, contact the vertical wall, and
slide down along it until they contact the horizontal wall. In these figures, the various interaction paradigms

are identified as follows. “Ideal”, “IAPB”, and “PB” represent interaction with a constraint-based, an impulse-
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augmented penalty-based, and a penalty-based virtual environment, respectively, all rendered to users through
the four channel controller shown in Figure 4.14(b). “CB,.” represents interaction with a constraint-based
virtual world rendered to users through the unilateral coupler shown in Figure 4.14(a). Note that only the PB
interaction has been demonstrated in existing haptics research. Note also that the “ideal” trajectory represents
the peg interaction with a perfectly rigid (i.e., real) environment. Therefore, this trajectory separates the free
motion of the peg from its constrained motion. Positions of the COM of the peg to the left and above the
lowest point on this trajectory represent free motion of the peg (i.e., peg not in contact with the environment).
Positions of the COM of the peg to the right and below the lowest point on this trajectory correspond to peg
penetration into the vertical and the horizontal wall, respectively (i.e., peg in contact with the vertical and the
horizontal wall, respectively).

Figure 4.15 demonstrates that users’ penetration into the virtual walls is smaller when users interact with
a world generated using the impulse-augmented penalty approach than when they interact with a penalty-
based or with a constraint-based virtual environment. This means that the trajectory of the user’s hand
is closer to the ideal trajectory, i.e., the interaction is more realistic, when the virtual world is simulated
using the proposed approach. The user-perceived forces are closer to the ideal forces, too. Users feel large
wrenches when new contacts arise (see Figure 4.16), and they feel wrenches that only balance the small hand
wrench Fj, = (0.32N  — 0.4N ONm)T during contact. Figure 4.17 demonstrates that users lose more kinetic
energy upon contact when they interact with an impulse-augmented virtual world than when they interact
with a penalty-based or with a constraint-based virtual environment. This means that the impulse-augmented
penalty contacts improve the passivity of the virtual world compared to the other simulation paradigms, thereby
improving the stability of the haptic interaction.

Note that, while the large impulsive forces improve the perceived rigidity of the virtual contacts, they may
exceed the force capabilities of the device. Constraints imposed by the haptic device on the virtual manipulation

of an impulse-augmented penalty simulation are considered in the following section.

4.5.2 Accounting for device limitations

Several techniques can be used to account for device limitations during haptic interaction with impulse-

augmented penalty virtual environments:

e (Collision impulses can be saturated on the device. When this strategy is used, the simulation computes
collision impulses according to Equation (4.36) and sends them to the four channel controller according
to Equation (4.45). The controller then saturates the impulses to the maximum value that the actuators
can apply to the device. Hence, full collision impulses are applied to the virtual tool in the simulation and
saturated impulses are applied to the device. As a result, different amounts of kinetic energy are extracted
from the virtual tool and the device during collision and the kinematic correspondence between the two
can be significantly changed, depending on the system dynamics. Post-collision kinematic correspondence
is re-established through the position coordination channel of the four channel controller. This channel

is more compliant than the contact, and thus larger user violations of constraints can result.
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Simulated hand trajectories obtained when constraint-based
(“ideal”), impulse-augmented penalty-based (“TAPB”), and
penalty-based (“PB”) interactions are applied to users by the four
channel controller, and when constraint-based interactions are ap-
plied by the unilateral coupler (“CB,.”). The device applies the
simulated impulses to users in one step.
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Figure 4.16: Simulated forces along the x-axis and torques applied to users by
the four channel controller when the virtual world is generated us-
ing the constraint-based (“ideal”), the impulse-augmented penalty-
based (“TAPB”), and the penalty-based (“PB”) methods, and ap-
plied by the unilateral coupler when the virtual environment is
generated using the constraint-based method (“CBy.”). The de-
vice applies the simulated impulses to users in one step.
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Figure 4.17: Kinetic energy of the users’ hand when constraint-based (“ideal”),
impulse-augmented penalty-based (“TAPB”), and penalty-based
(“PB”) interactions are appllied to users by the four channel con-
troller, and when constraint-based interactions are applied by the

unilateral coupler (“CB,.”). The device applies the simulated im-
pulses to users in one step.

e (Collision impulses can be scaled in the simulation. When this strategy is used, the simulation computes
collision impulses according to Equation (4.36) and scales them to the maximum value that the device
actuators can apply on users. The scaled impulses are applied to the virtual tool and sent to the four
channel controller. As a result, the same amount of kinetic energy is extracted from the virtual tool and
the device during collision and their kinematic correspondence is maintained. However, the dissipated

kinetic energy is less than that prescribed by the coefficient of restitution and the contact geometry. The

simulation is altered and larger user penetrations into constraints occur.

e Collision impulses can be spread over several steps of the simulation. When this strategy is used, the
simulation scales the collision impulses as explained above. However, the colliding contact group does
not transition to resting contact if scaling is necessary. Rather, it transitions back to colliding contact
and new collision impulses are computed at each step of the simulation until the force levels return to the
range of the haptic device. As a result, the amount of kinetic energy extracted from the virtual tool and
the device at each simulation step is the maximum allowable by the actuators, while the amount extracted
over several steps is equal to that prescribed by coefficient of restitution and the contact geometry in

Equation (4.40). Furthermore, the kinematic correspondence between the virtual tool and the device is
preserved.

Simulated hand trajectories obtained by using these techniques (assuming that the maximum wrench ca-

pability of the device is Fymie = (156N 15N 1Nm)T) are presented in Figure 4.18. In this figure, “psuy”
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is the trajectory obtained when the device can fully apply the simulated collision impulses, “psaturated’ 1S
obtained when collision impulses are saturated on the device, “pscateq” is Obtained when collision impulses are
scaled in the virtual environment, and “pgp,eqq” is obtained when collision impulses are spread over several
steps of the simulation. Moreover, “ideal” is the trajectory obtained when the device fully applies the impulses
generated by a constraint-based simulation. The hand trajectory degrades as the wrench capabilities of the
device decrease. The loss of performance is highest if the interaction forces are saturated on the device. In
this case, full collision impulses are applied to the virtual tool which stops abruptly and only limited wrenches
are applied to the user’s hand, which continues to move. After collision, the user’s hand is coordinated with
the virtual tool through the position coordination channels of the haptic controller, whose stiffness K,,,.q and
damping B.,,-q¢ are much lower than those of the virtual walls, K, and B,,;. Hence, constraint violation
is largest and settling time increases (transient response is poorest). The loss of performance due to limited
wrench capabilities of the haptic interface is diminished most by spreading the collision impulses over several
steps of the simulation. Therefore, this technique is adopted to overcome device force limitations during haptic
manipulation of impulse-augmented penalty virtual worlds.

Both scaling and spreading of collision impulses are equivalent to adapting the coefficient of restitution to
the device capabilities. As a result of this adaptation, the effective coefficient of restitution may be negative
and the post-collision normal contact velocities may be negative (i.e., bodies may move into each other after
collision resolution). Nevertheless, the energetic passivity of the proposed collision resolution approach is not
affected by an adaptive coefficient of restitution®. Hence, the coupled stability of the haptic interaction system
is unaffected by the adaptation of the coefficient of restitution.

As the force capabilities of the haptic interface decrease, the haptic and visual performance of the proposed
approach diminishes. For e = —1, the impulse-augmented penalty-based simulation reduces to a penalty-
based simulation. The reduction in haptic performance can be seen by comparing Figures 4.15 and 4.19. In
Figure 4.15, it is assumed that the device can fully apply the collision impulses to the user’s hand. In Figure 4.19,
it is assumed that the device can apply at most Fynie = (15N 15N 1Nm)T and collision impulses are spread
over more time steps when necessary. In this figure, “ideal”, “IAPB LM”, and “PB” represent interaction with
a constraint-based, an impulse-augmented penalty-based, and a penalty-based environment, respectively, all

b2

connected to users through the four channel controller. “CB,.” represents interaction with a constraint-based
virtual world connected to users through the unilateral coupler.

The hand trajectories representing interactions with the impulse-augmented penalty-based and penalties-
only virtual environments are closer to each other in Figure 4.19 than they are in Figure 4.15. The visual perfor-
mance diminishes correspondingly, because the virtual tool penetrates the constraints deeper when spreading
is required than when the device can fully apply the collision impulses. Nevertheless, constraint penetration is

smaller in the proposed simulation than in the penalty-based one regardless of the device limitations. Both the

haptic and the visual performance of the impulse-augmented penalty-based virtual world is better than that

6Equation (4.40) shows that the post-collision kinetic energy of the contact group is at most equal to its pre-collision kinetic
energy for any e € [—1,1].
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Figure 4.18: Simulated hand trajectories during user interaction with the
impulse-augmented penalty-based virtual world when the de-
vice limitations are ignored and when they are taken into ac-
count (“ideal” - full constraint-based collision impulses are ap-
plied to users; “pguu” - full collision impulses are applied to
users; “Psaturated - collision impulses are saturated on the device;
“Dscated’ - collision impulses are scaled in the virtual environment;
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- collision impulses are spread over several simulation
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Figure 4.19: Simulated hand trajectories obtained when constraint-based
(“ideal”), impulse-augmented penalty-based (“TAPB LM”), and
penalty-based (“PB”) interactions are transmitted to users by a
four channel controller, and when constraint-based interactions are
transmitted to users by a unilateral coupler (“CB,.”). Collision
impulses computed using the proposed method are spread over
several simulation steps when necessary.
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Figure 4.20: Simulated forces and torques applied to users by the four channel
controller when the virtual world is generated using the constraint-
based (“ideal”), the impulse-augmented penalty-based (“IAPB
LM”) and the penalty-based (“PB”) methods, and applied by the
unilateral coupler when the virtual environment is generated using
the constraint-based method (“CB,.)”. Collision impulses com-
puted using the proposed technique are spread over several simu-
lation steps when necessary.



4.5 The performance of the impulse-augmented penalty simulation

Kinetic energy of the user’s hand

1 — ideal
al LA IAPB LM
/I | — PB
v _ CB
! uc
=3 ’. 1
2 [
£ g
©2 *
1 \ :
O o~
0

0.6

Figure 4.21: Kinetic energy of the users’ hand when constraint-based (“ideal”),

impulse-augmented penalty-based (“IAPB LM”), and penalty-
based (“PB”) interactions are applied to users by the four channel
controller, and when constraint-based interactions are applied by
the unilateral coupler (“CB,.”). Collision impulses computed us-

ing the proposed method are spread over several simulation steps
when necessary.

of the penalty-based world. In addition, the perceptual advantage obtained by applying abrupt forces to the
user’s hand upon contact and the increased stability of the interaction are maintained. Note that the wrenches
felt by users are larger when users interact with the proposed simulation than when users interact with the
penalty-based virtual environment (Figure 4.20). Furthermore, users lose more kinetic energy upon contact
with the impulse-augmented penalty virtual constraints than upon contact with the penalty-based constraints

(Figure 4.21). The increased contact passivity improves the coupled stability of the haptic interaction.
4.5.3 Experimental validation

In this section, the performance of the impulse-augmented penalty simulation approach is validated exper-
imentally. The controlled interaction depicted in Figure 4.13 is implemented on the planar haptic simula-

tion system described in Chapter 3 using the synchronous communication between the device and the vir-
tual environment (see Figure 3.2(a)).

Recall that the user’s hand is represented through a constant wrench
F, =(0.32N —0.4N

ONm)”, collisions are considered perfectly plastic (e = 0), and the virtual walls have
stiffness K,an = 4000N/m and damping By, = 30N/(m/s). In the experiments, the virtual environment is

generated using the penalty and the impulse-augmented penalty approaches”. Two implementations of the

“Tmplementations of haptic rigid body manipulations of constraint-based virtual environments running synchronously with the

control loop are presently not available. This is because constraint-based simulations with guaranteed completion time have been
developed only for perfectly plastic collisions between smooth convex objects [6]

65
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impulse-augmented penalty approach are used: one considering that the device can fully apply the simulated
impulses, and one accounting for device limitations.

Figures 4.22, 4.23, and 4.24 monitor the device trajectories, the forces applied to users, and the kinetic
energy of the device, respectively, when the peg is driven towards the corner, contacts the vertical virtual
wall, slides down along it, contacts the horizontal virtual wall, and stops moving. The experimental results
in these figures correspond to the cases when the virtual environment is generated using: (i) the impulse-
augmented penalty approach and the device fully applies the simulated impulses to users, “IAPB”; (ii) the
impulse-augmented penalty approach and the device applies at most Fj;p,i = (15N 15N le)T to users,
“TAPB LM*; and (iii) the penalty approach, “PB”. The “ideal” trajectory is generated in Matlab”™ through
simulating the interaction with a constraint-based virtual environment?.

Figures 4.22 and 4.24 demonstrate the increased stability of the interaction in the impulse-augmented
penalty virtual world compared to the penalty-based one. The peg loses more kinetic energy upon contact,
settles into the corner faster, and bounces less when collision impulses are applied to the device. Hence, the
impulsive forces applied upon constraint penetration improve the passivity of the virtual world and, thus, the
stability of the haptic interaction. Moreover, they imrpove the realism of the interaction, because they generate
a device trajectory that is closer to the trajectory imposed by a real rigid corner.

As predicted by simulations, the performance of the impulse-augmented penalty-based world decreases when
collision impulses are applied over several steps in order to meet the device rendering capabilities. A device
that can apply only limited forces and torques dissipates less energy upon impact than that predicted by the
chosen coefficient of restitution. However, it dissipates more energy than during penalty-based interaction.
Moreover, the perceptual advantage of large forces upon contact is maintained, because the impulsive forces
rendered to users are much larger than the penalty-based contact forces despite the fact that they are limited
by device capabilities (see Figure 4.23).

Note that increased virtual wall damping would also result in larger force transitions upon impact and less
bouncing, i.e., more stable contact. However, the virtual damping is limited by the physical damping, the
virtual wall stiffness, and the simulation step during 1 DOF interaction with a virtual wall [41]: the maximum
allowable virtual damping decreases as the physical damping in the haptic interface decreases and as the wall
stiffness and the simulation step increase. Hence, only limited improvements in the perceived rigidity of the
virtual contacts could be achieved through increasing the virtual damping if the virtual wall stiffness is large (as
needed for a convincingly rigid resting contacts) and the physical damping is small (as needed for imperceptible
device dynamics). On the other hand, the impulsive forces provide a physically-based technique for enhancing
the realism of the interaction that increases the stability of the interaction (without increasing the kinetic

energy of the simulated environment) and is limited only by the device capabilities.

8 Note that, due to friction in the interface, the “ideal” and the experimental trajectories have slightly different initial conditions.
As a result, the virtual peg contacts the horizontal wall earlier in the simulation than in the experiments.
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Figure 4.22: Device trajectories when the peg is pushed into the corner by
a controller force. The virtual environment is generated using
the impulse-augmented penalty-based and the penalty approaches
(“TAPB” - impulse-augmented penalty-based world, full collision
impulses applied to the device; “TAPB LM” - impulse-augmented
penalty-based world, limited impulses applied to the device; “PB”
- penalty world). The “ideal” trajectory is generated using a
constraint-based simulation.
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Figure 4.23: Environment wrenches applied to the device when the peg is
pushed into the corner by a controlled force. The virtual environ-
ment is generated using the impulse-augmented penalty-based and
the penalty approaches (“IAPB” - impulse-augmented penalty-
based world, full collision impulses applied to the device; “TAPB
LM” - impulse-augmented penalty-based world, limited impulses
applied to the device; “PB” - penalty world). The “ideal” wrenches
are generated using a constraint-based simulation.
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Figure 4.24: Kinetic energy of the device while it is pushed towards the cor-
ner by a controlled force. The virtual environment is generated
using the impulse-augmented penalty-based and the penalty ap-
proaches (“TAPB” - impulse-augmented penalty-based world, full
collision impulses applied to the device; “TAPB LM” - impulse-
augmented penalty-based world, limited impulses applied to the
device; “PB” - penalty world). The “ideal” wrenches are gener-
ated using a constraint-based simulation.

4.6 Discussion

The impulse-augmented penalty simulation approach introduced in this chapter has been designed to enable
users to feel large forces upon contact with virtual objects and, in doing so, to increase the perceived rigidity of
the virtual world [90,125]. Compared to existing simulation paradigms, the approach allows haptic rendering
of rigid body collisions, hence a more realistic representation of virtual contacts to users. Simulated and
experimental interactions show that the selected friction model renders the stick-slip phenomenon similar to
other models of dry friction used in haptics and that the selected model may potentially be used for changing the
feel of sticking contacts. The simultaneous collision resolution never increases the kinetic energy of the virtual
environment, thus maintaining the physical accuracy of the simulation and improving the stability of the virtual
contacts. Moreover, it implicitly eliminates the overdetermined constraints, thereby increasing simulation
efficiency. Inadequate force capabilities of the haptic interface degrade the performance of the approach.
Performance degradation is limited through a novel technique that adapts the coefficient of restitution to the
device capabilities without increasing the kinetic energy of the virtual environment. The new technique spreads
the collision impulses over several steps of the simulation when the haptic interface cannot dissipate the kinetic

energy prescribed by the desired coefficient of restitution during one simulation step.



Chapter 5

Manipulation of serial linkages

The previous chapter has proposed a simulation approach that computes impulsive forces upon contact and
penalty-based and friction forces during contact. Virtual world dynamics have been formulated in configuration
space, such that distinguishing between contacts of virtual objects and contacts of virtual linkages has not been
necessary. This chapter discusses realistic kinesthetic operation of virtual linkages.

Realistic haptic manipulation of virtual linkages depends on: (i) the physical accuracy of the linkage simu-
lation; (ii) the user’s perception of the linkage contacts; and (iii) the user’s perception of the linkage dynamics
and of the topological constraints. Since linkage dynamics are challenging to simulate at the haptic rates,
prior work focused on developing both application-specific [114] and general-purpose [126 128] techniques that
address the first two factors. In particular, efficient dynamics are the main concern in [114,126,128] and accu-
rate collision/contact models are developed in [127]. In all cases, only penalty-like forces are applied to users.

Moreover, operation of linkages only from links with redundant degrees of freedom is allowed.

In this chapter, simulation and control techniques are introduced that enable realistic operation of linkages
from any user-selected link and through singularities. The chapter starts by discussing the control architecture
employed to render convincing force interactions between a virtual linkage and a rigid multibody virtual
environment. A coordinate-invariant representation of contact forces/impulses at the user’s hand is then
introduced. The control methods that allow users to convincingly perceive the inertia and the topology of the
virtual linkage follow. Combined with the impulse-augmented simulation approach presented in the previous
chapter, these techniques permit realistic and unrestricted haptic manipulation of serial linkages. Throughout
this chapter, it is assumed that users manipulate a virtual linkage, i.e., virtual tool and virtual linkage are
used interchangeably. The schematic of haptic manipulation of virtual linkages within an impulse-augmented
virtual world is shown in Figure 5.1. For simplicity, the position coordination signals used by the haptic
controller are not represented. In this figure, F.onstr, Finertia, Fn, and F.,, are the wrenches due to the
topological constraints, the linkage inertia, the user, and the contact forces/impulses that act on the virtual
tool, respectively, all represented at the user’s hand. f;, and fy are the contact forces/impulses that act between

the virtual linkage and other virtual objects, ns. represents the configuration space directions of constraint
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imposed on the user’s motion by the linkage topology, A,;] is the inverse of the operational space inertia of
the linkage [80] at the user’s hand, and T,,, is the configuration space torque due to the contacts between the
virtual tool and the virtual environment.

+F

inertia constr

- - Device |Inverse of the linkage inertia at user’s hand A
merin P YW——7] <
inertia constr COntrOHer »;

< Impulse—alllgmented

Direction of topological enalty simulation
Haptic constraint n, F_\/L,
controller _ _ ,
— Coordinate invariant | T_
VWV F F_ atuser’s hand |
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Figure 5.1: Realistic haptic manipulation of virtual linkages in an impulse-
augmented penalty virtual world.

5.1 Control architecture for realistic linkage manipulation

Besides the linkage simulation, both the device controller and the haptic controller contribute to realistic
force interaction within the virtual environment during linkage manipulation. The device controller [136] uses
impedance control [68] to apply the inertia of the linkage to the user’s hand. In particular, it changes the
impedance of the haptic device to match the impedance of the virtual tool. The haptic controller [136] uses a
four channel architecture to apply the contact forces/impulses that act on the virtual tool to the user’s hand
(see discussion in Section 4.1).

A 1 DOF mechanical equivalent of this control architecture (excluding the communication delay) is depicted
in Figure 5.2. In this figure, Z; and Z,; are the impedance of the haptic device and of the virtual tool,
respectively, fn, fens, and f,. are the hand, the environment, and the coordination force!, respectively, and
S scales the two force channels of the haptic controller (from the device to the virtual environment and vice-
versa). If the device impedance equals the virtual tool impedance, Z; = Z,;, and forces are not scaled, S = 1,
the haptic controller is transparent. Users perceive the inertia and the topology of the linkage through the
virtual tool impedance Z,;. They perceive the motion constraints imposed by other virtual objects through
the environment force f.,,. Hence, the transparency of the haptic controller and the accurate reflection of the
virtual tool impedance through device control are important for realistic haptic manipulation of linkages.

Although not apparent in the 1 DOF mechanical equivalent of the control architecture, the representation
at the user’s hand of the contact forces/impulses acting on the linkage also affects the realism of the interaction.
This representation is discussed in the following section. Haptic rendering of the linkage inertia and of the

motion constraints imposed on users by the linkage topology are presented in later sections.

IThe coordination force is applied by the position coordination channels of the haptic controller. These channels are shown in
Figure 5.2 as a spring-damper connection between the device and the virtual tool.
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Figure 5.2: 1 DOF mechanical equivalent of the control architecture.

5.2 Linkage contacts at user’s hand

The rigid multibody simulation approach developed in Chapter 4 evolves the virtual environment dynamics in
configuration space. In this space, virtual objects are indistinguishable from virtual linkages. However, users
interact with the virtual environment in Cartesian (operational [80]) space through a haptic controller that
applies the simulated forces/impulses to their hand (see Figure 5.1). Hence, the contact forces/impulses acting
on the virtual tool must be suitably represented at the user’s hand during virtual linkage manipulation?. A
coordinate invariant representation of these contact forces/impulses at the user-selected link is proposed in this
section.

The user-applied wrench F, is mapped to the hand configuration torque T}, by the transpose of the Jacobian

of the virtual linkage computed at the user’s hand, J;{, herein called the “hand Jacobian”:
T, =JIFy,. (5.1)

Hence, JZ maps the space F' of wrenches at the user’s hand to the space T of configuration torques. Conversely,
the space of configuration torques must be mapped to the space of wrenches at the user’s hand in order to
allow the haptic controller to apply the contact forces/impulses that act on the virtual linkage to the user.

When J] is invertible, the required mapping is provided by the transpose of the inverse of the virtual tool
Jacobian at the user’s hand:

Fenv = (Jh)iT Tenv- (52)

In Equation (5.2), Tepn, is the configuration space representation of the contact forces/impulses acting on the
virtual tool (i.e., the environment configuration torque), and F,,, is its wrench representation at the user’s

hand (i.e., the environment wrench). According to the derivations in Chapter 4:

Cut

Tenw = » IV H;, (5.3)
i=1
during resting contact, and:
Teny = ZJ;TP1 = j@ftp: (54)
i=1

2Cartesian (operational) space coincides with configuration space during manipulation of virtual objects and the mapping of
contact forces/impulses to configuration space through the contact Jacobians J; suffices.
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during colliding contact. In Equations (5.3) and (5.4), ¢, is the number of contacts between the virtual tool

and the virtual environment (assuming a suitable numbering of the contacts of the contact group to which the
virtual tool belongs), and 7" = [J{ny ... J/m; ... JZMnCM]T

During unrestricted haptic manipulation of arbitrary linkages, J;‘: may not be invertible. This is because:
(i) the linkage may have any number of degrees of freedom (in particular, more or less than 6DOF); (ii) the
user may choose to operate it from any link (from the one proximal to the fixed base to the one distal to the
base); and (iii) the user may move the linkage through singularities. In all these situations, the configuration
torques must be mapped to hand wrenches such that the results are physically significant, i.e., gauge invariant
under rigid body transformations [46].

The mapping of hand wrenches to simulated configuration torques given in Equation (5.1) and the mapping

of simulated configuration velocities q to simulated hand twists xp,,:

. =Jnd (5.5)

Xp
form a dual system [46] (see Appendix B for definition). In Equation (5.5), X5,, = [v} wT]T, where v, € R?
and w € R? are the linear velocity of the user-selected operational point on the virtual tool and the angular
velocity of the virtual link held by the user, respectively. Therefore, as discussed in detail in [46] and briefly
summarized in Appendix B, a mapping from T to F' is provided by the transpose of the weighted generalized
inverse of Jj, [46]:

3F =M,'C” (CM;CT)A (F"MyF) ' F'My. (5.6)

In Equation (5.6), J# is a weighted generalized inverse of the hand Jacobian, J, = FC is a full-rank decompo-
sition (factorization) [20] of the hand Jacobian J;?, M is the metric on the space Q of configuration velocities,
and My is the metric on the space V of hand twists. Coordinate invariance of the mapping J# is ensured
through a suitable choice of metrics on the spaces @ and V [46]. In [46] it is shown that kinetic energy metrics
are gauge invariant. In this work, the metric on @) is provided by the configuration space mass matrix of the
virtual tool Dy;. The metric on V is provided by the mass matrix of the link held by the user My,;, computed
in the link’s coordinate frame. Hence, the coordinate invariant weighted generalized inverse of the Jacobian of
the virtual tool computed at the user’s hand is given by:
J# =D,'C” (CD,'CT) " (FTM,F)” FTM,,. (5.7)
The properties of J# are presented in Appendix B. The algorithm proposed for computing a full rank
factorization of Jj, is detailed in the following. The algorithm uses the Singular Value Decomposition (SVD)
of Jp:
Jhers = Usx6ZexaVisa (5.8)

3A full-rank decomposition [46] J;, = FC satisfies rank (J,) = row-rank (C) = column-rank (F).
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For a hand Jacobian with rank (J5) = r, only the first r diagonal elements of the matrix ¥ are non-zero and:

zlr r 0y (d—r zlr r
EGXd = 8 X( ) = ) |:Ir><'r' 0r><(d1‘):| = 2]6X1*227‘xd7 (59)

06-—ryxr O@—r)x(d—r) 06—r)xr

where I, is the r-dimensional unit matrix and 0(_,)x, denotes a matrix of zeros with the given dimensions.

A full rank factorization of J is then given by:

= UE]
) (5.10)
= %,V7T
and the coordinate invariant inverse of the hand Jacobian for the chosen set of metrics is:
_ _ —1 -1
J# = plve!l (=, viplvel) (2TuTM,UE)  =TuTMy,. (5.11)
Hence, the environment configuration torque is mapped to the environment wrench F.,, according to:
#’T
Fony = Jh Teny. (512)

5.3 Haptic rendering of linkage inertia

In Cartesian (operational [80]) space, both the inertia and the topological constraints are embedded in the

operational space inertia of the virtual linkage computed at the user’s hand [80], Aj:
Ap = (3,D000) 7" (5.13)

Therefore, Ay, is incorporated in the desired impedance of the virtual tool Z,;. Specifically, the device controller

changes the dynamics of the device to match the desired dynamics of the virtual tool [136]:
Apxp +baxy +kexp, = Fp + Fopy + ch. (514)

In Equation (5.14), Ay € R®*% b, € R6*6 and k; € R®*6 are the desired (i.e., simulated) inertia, damping,
and stiffness of the virtual tool, respectively, F,,. € R is the position coordination wrench between the device
and the virtual tool (due to the generalized spring-damper shown acting between them in Figure 5.2), and
i, € R8, x5, € RS, and x;, € RS are the desired body acceleration, velocity, and position of the device at the
user-selected link, respectively.

Equation (5.14) is equivalent to:

%, = A" (Fy + Feny + Fpe — bk, — kaxy) . (5.15)
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This form is advantageous because the inverse of the operational space inertia of the virtual tool at the user’s
hand can be computed regardless of the rank of the Jacobian:

A =3,D,T) (5.16)

vt
In contrast, Ay can be computed only when the Jacobian is full row-rank. When Jj is not full row-rank, A,;l
becomes infinite along certain directions of the operational space and A;l drops rank.

Rank deficiency of A;] indicates that the topology of the virtual tool restricts the simulated instantaneous
motion of the user. This may happen when the user holds a link with fewer than 6 DOFs during spatial
interaction and fewer than 3 DOFs during planar interaction or when they operate the virtual linkage through
a singularity. To illustrate how the virtual motion constraints imposed on users by the linkage topology are
represented in the rank deficiency of A;], consider the example manipulations of the planar linkage depicted
in Figure 5.3. In the first example, the user holds the linkage from the centre of mass of the middle link in the
position shown in Figure 5.3(a). The held link has insufficient degrees of freedom to allow arbitrary position
and orientation at the user-selected operational point. Hence, the linkage topology instantaneously constrains

the user’s motion according to:

xp = Jnq, (5.17)
where the hand Jacobian is:
—Ilysin(q1) — ley sin (g1 + q2)  —le,sin(qr +¢q2) 0
Jn="1 licos(q) +1le,cos(qi +q2) leycos(qn+q) 0 |- (5.18)
1 1 0

Equation (5.18) shows that, due to the topological constraint, rank (J,) = 2. From Equation (5.16), it follows
that rank (A;l) = 2. In the second example, the user holds the linkage from the centre of mass of the distal

link in the position shown in Figure 5.3(b). In the example position, the Jacobian:

—lisin(q1) —lasin(q1) — legsin (g1 + q3) —losin(qr) —legsin (1 + q3)  —legsin (g1 + g3)
Jn =1 lLicos(q) +1locos(q1) +1eycos(qi +q3)  Ipcos(qi) +1le,cos(qi +q3) e, cos(qi + qs3)

1 1 1
(5.19)

is singular, rank (J;) = 2. Consequently, rank (A;]) = 2. In other words, A;] drops rank when the linkage
restricts the user’s motion.

Since A,;l can be computed regardless of the rank of the hand Jacobian, Equation (5.15) is used for the
impedance control of the device. This equation computes the desired body acceleration at the user’s hand.

The dynamics of the haptic interface are given by:

Maxp + Caxp = Fp + u, (5.20)
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(a) Manipulation from a link proximal to the base. (b) Manipulation through a singularity.

Figure 5.3: Example manipulations restricted by the topology of the virtual
linkage.

where My and C, are the inertia and Christoffel matrices of the device and u is the control signal [136]. By

combining Equations (5.15) and (5.20), the impedance control law for the interface is obtained as:
u= (MyA, " ~I)Fy + MgA, " (Feny + Fpe) + (Ca — MaA; 'ba) %, — MyA;, ' kaxp,. (5.21)

Equation (5.21) applies the inertia and the topology of the virtual tool to users at the acceleration level
through A;]. Due to numerical drift and limited device stiffness, Equation (5.21) is not sufficient for realistic
haptic rendering of the topological constraints. A technique that enables users to convincingly perceive these

constraints is presented in the following section.

5.4 Haptic rendering of linkage topology

An analysis of the virtual tool dynamics suggests how the control in Equation (5.21) can be augmented to
enable users to accurately perceive linkage topology. Consider that, at the user-selected operational point, the
environment wrench is F.,, and the inverse of the virtual tool operational space inertia is A;]. This inverse

maps the environment, wrench to the body acceleration at the user’s hand:

Xp = A}:]Fenv- (522)

T

T
In Equation (5.22), X, is an element of the space of body accelerations at the user’s hand, A4; i.e., X5, = (Vv wT)

where v;, € R? and @ € R? are the linear and the angular acceleration of the user’s hand, respectively. When
A;l is full rank, the environment wrench produces body acceleration of the user’s hand along all directions of
A. In other words, the virtual tool behaves as an inertia along all directions of A. On the control side, Equa-
tion (5.21) applies this inertia to users by controlling their acceleration to the value given in Equation (5.22).

When A,;l is rank-deficient, X}, lies in a subspace of A. Then, environment wrenches exist that lie in the null
space of A;], N (A;]) (hereafter called the space of wrenches of topological constraint). These wrenches are

directly opposed by the structural stiffness of the virtual linkage and have no effect on the body acceleration at

the user’s hand. Hence, at the user-selected operational point, the linkage behaves as an infinite stiffness along
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the directions of topological constraint and behaves as an inertia along the directions of topological freedom of
motion?. On the control side, the impedance control in Equation (5.21) is unsuitable for rendering the infinite
structural stiffness of the virtual tool along the directions of topological constraint.

Realistic perception of the topological constraints is enabled through augmenting the control provided by
Equation (5.21) with penalties applied along the singular directions of A;], as shown in Figure 5.4. In this

figure, vt is the user’s position and orientation on the virtual tool (i.e., in the simulation), while h is their real

position and orientation. For simplicity, only a one dimensional null space of A,;] is depicted.

Direction of topological

—

Space of twists of
% topological freedom R(J,)

Configuration manifold
of the virtual tool

Figure 5.4: Penalty wrench constraining users to the configuration manifold of
the virtual linkage that they manipulate.

The directions of topological constraint n;. are provided by the null space of A;]. Note that the maximum
number of such directions is five during spatial rigid body (6 DOFs) manipulation and two during planar rigid
body (3 DOFs) manipulation. The constraint position and velocity are provided by the body position xj,,

and velocity x5, , of the user-selected operational point on the virtual tool. Then, given the stiffness k;. and

vt

damping b;. of the topological constraints, the impedance control law in Equation (5.21) is modified according

to:
u = My (ihu + > (keenfl i (Xn, — xn) + brenfe; (R, — %n)) ntc,i) + Caxp, — Fpp =
i=1
= (MgA,' —I)Fp + MyA, " (Feno + Fpe) + (Ca — MyA,, 'by) X, — MaA; 'kax),
+My Z (keenfs ; (Xn,, — xn) + beenf. ; (Xn,, —%1)) Dye i, (5.23)

i=1

where ng, is the number of topological constraints, i.e., ns. = 6 — rank(A~1).
Note that no additional numerical effort (beyond computing the coordinate invariant representation of the

contact forces/impulses at the user’s hand) is necessary to derive the directions of topological constraint n. ;.

4The directions of topological freedom of motion form a basis on R (Jn), the range space of Jp.
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This is because the singular directions of A;] are the same as the singular directions of J7. The proof is
given in Appendix C. Physically, the proof can be understood by considering the actions of J{ and of A;l.
In particular, the user-applied torques balanced by the structural stiffness of the linkage are filtered out from
the virtual tool configuration space dynamics by JZ. A;] filters out the same torques from operational space.
Hence, the two mappings have equal null spaces and the directions of topological constraint are a byproduct
of the full rank factorization of Jj.

The ability of the control law in Equation (5.23) to enforce linkage topology is validated through simulations

in the following section and through experiments in Section 5.4.2.

5.4.1 Simulations

In the simulations, users manipulate a three links planar linkage with rotational joints. Its parameters are
given in Table 5.1. Initially, the virtual linkage is at rest in the position q = (% rad grad —%rad)T (see
Figure 5.5). The user applies a constant force f, = 1N along the z direction. The device is also at rest, but its
position differs from that of the user-selected operational point by 5 mm along the z direction and by 3 mm

along the y direction.

Table 5.1: Parameters of the three links planar virtual linkage operated by the
user in the simulations.

Link length (m) | Link mass (kg) | Link inertia (kgm?)
I, = 0.042 m m1 = 3 kg 11 = 0.015 kgm?
l» = 0.042 m ms = 3 kg I» = 0.015 kgm?
Iy = 0.03 m ms =1 kg I3 = 0.005 kgm?

(a) Manipulation from third link. (b) Manipulation from second
link.

Figure 5.5: Simulated manipulations of a planar virtual linkage. Initial linkage
position is shown in black. Linkage positions during manipulation
are shown in grey.

The Simulink”™ diagram of the simulated manipulation is shown in Figure 5.6. In the diagram, the virtual

environment is represented by the configuration space dynamics of the linkage. The haptic device controlled
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according to Equation (5.21) is represented by the operational space dynamics of the linkage. The haptic
device controlled according to Equation (5.23) is represented by the operational space dynamics of the linkage

augmented with the control signal:

Nitc

Uydq = My Z (ktcng;i (Xh,, — Xn) + bt(:nZ;’z‘ (Xho, — Xn)) Dye,i, (5.24)
i=1
where My is considered constant throughout the workspace and equal to unity. The coordination between the
device and the virtual tool has stiffness K,. = (100 N/m 100 N/m 0.5 Nm/rad)? and damping B,. =
(70 N/(m/s) 70 Nm/(rad/s) 0.375 N/(m/s))T?, while the stiffness and damping of the topological con-
straints are ki = 10 N/kg/m and b;. = 7 N/kg/(m/s), respectively.

Device under
impedance control

Topological constraints

=]
AAA

0

Position coordination channels

_;TJ
|
AA

Virtual linkage

» ], o—

ﬂ Fkin

Figure 5.6: Simulink diagram of the haptic manipulation of a planar virtual
linkage.

Figure 5.7 depicts the results for the first simulated interaction, in which the user manipulates the virtual
tool from the COM of the distal link, as shown in Figure 5.5(a). The user’s hand trajectories on the device
and in the simulation are shown in Figure 5.7(a) for the case when topology is imposed at the acceleration
level. They are shown in Figure 5.7(b) for the case when user’s departure from the constraint manifold is
penalized according to Equation (5.24). Since the user holds a link with 3 DOFs, the topological penalties are
applied only intermittenly, when they user moves through a singularity. Note that the device drifts from the
virtual tool when linkage constraints are imposed at the acceleration level. In contrast, the drift is substantially
reduced through penalizing violations of the virtual topology.

The results for a second simulated interaction are shown in Figure 5.8. In this interaction, the user manip-

5They are chosen to match the values implemented on the haptic device used in the experiments [136].
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Hand trajectory
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(a) Topology imposed at the acceleration level.
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(b) Topology imposed through penalties.

Figure 5.7: Simulated planar manipulation of a three links virtual tool held from

the COM of the distal link.

10

ulates the virtual tool from the COM of the middle link, as shown in Figure 5.5(b). This link has only 2 DOFs.

Hence, the virtual topology constrains user’s motion throughout the interaction. Once more, the trajectories

in Figures 5.8(a) and 5.8(b) illustrate that the drift between the user and the virtual tool is significant unless

user’s departure from the configuration manifold is appropriately penalized through device control.

Hand trajectory

—— device
+ virtual tool

X [eml

(a) Topology imposed at the acceleration level.

Hand trajectory

—— device
+ virtual tool

x feml

(b) Topology imposed through penalties.

Figure 5.8: Simulated planar manipulation of a three links virtual tool held from
the COM of the second link.
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5.4.2 Experiments

The control in Equation (5.23) imposes linkage topology on users through employing the virtual tool directions
of topological constraint, n;. ;. In addition, the physically motivated mapping of the virtual dynamics from
configuration space to operational space involves the computation of the null space of the linkage Jacobian at
the user’s hand, J,. Both the computation of the directions of topological constraint and the computation of
the null space are based on the SVD of Jj, which may be numerically expensive for the speed requirements of
the haptic control loop. Suitable approximations of these directions, 0. ;, and of the virtual linkage dynamics
are derived in the following chapter, in Section 6.3. Herein, they are used to illustrate the ability of the control
in Equation (5.23) to limit users’ motion as required by the virtual linkage that the users operate.

The controlled experiments presented in this section mimic linkage manipulation from various user-selected
links. These experiments compare two types of trajectories. Trajectories obtained by enforcing topological
constraints through penalizing the user’s departure from the configuration manifold are contrasted to trajec-
tories obtained by enforcing virtual topology through the inverse of the operational space inertia of the linkage
(i.e., through controlling to zero user’s acceleration along directions orthogonal to the configuration manifold).

In the experiments, a constant wrench F; = (0.4N 0N ONm)T represents the user®. In the first experi-
ment, the wrench is applied to the COM of the distal link of the linkage shown in Figure 5.9 (dimensional and
inertial properties were given in Table 5.1). In the second experiment, the wrench is applied to the COM of the
second link of the same linkage. In both experiments, the linkage is initially at rest, in the configuration space
position shown in Figure 5.9 (i.e., qo = (Orad grad  — %rad)T). Asynchronous communication is used. The
linkage dynamics are approximated by:

D, =J]Fy, (5.25)

~

i.e., the linkage moves freely under the controlled hand wrench. In Equation (5.25), D,; is the approximate
inertia matrix of the virtual tool and is computed as described in Section 6.3.1. Furthermore, the control

in Equation (5.24) is approximated by:

Nitc

Ugqq = My Z (keeBy, ; (Xn,, — Xn) + beeDf, ; (kp,, — X)) By, (5.26)
i=1
where 1. ; approximates i-th topological constraint direction, as described in the following chapter, in Sec-
tion 6.3.2. The gains of the control in Equation (5.26) are ki, = 200N /(kg-m) and b;. = 50N/ (kg-(m/s)).

The user’s hand trajectories on the haptic device (“HD”) and in the simulated virtual environment (“VE”)
plotted in Figure 5.10 correspond to manipulation from the distal link. The trajectories shown in Figure 5.11
represent manipulation from the second link. Figures 5.10(a) and 5.11(a) demonstrate that the control in
Equation (5.24) effectively imposes the topological constraints on users regardless of the link they operate. The

user’s hand trajectory on the device follows the simulated user’s hand trajectory in the virtual environment

SFor the impedance type haptic interface employed in these experiments, a constant wrench represents a worst case approxi-
mation for stability because it eliminates the adaptive damping of the user’s hand [64].
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Figure 5.9: Testbed virtual environment for controlled linkage manipulation
from any user-selected link.

within the steady state error due to the limited stiffness of the penalties applied to users. On the other hand,
Figures 5.10(b) and 5.11(b) show that the drift between the user’s hand trajectories on the haptic device and
in the virtual environment simulation is large when virtual topology is enforced only at the acceleration level.
The impedance controller alone cannot enforce the virtual topology. The user’s hand freely moves away from
the configuration manifold until it reaches the mechanical boundary of the workspace of the haptic interface.
In Figures 5.10(b) and 5.11(b), the sudden changes occuring in the trajectories of the user’s hand on the haptic

device after approximately 0.7s represent hard constraints due to device workspace limitations.
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Figure 5.10: Haptic manipulation from the distal link of the virtual link-
age shown in Figure 5.9. Users apply a constant wrench
F, = (04N ON ONm)’.
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Figure 5.11: Haptic manipulation from the second link of the virtual link-
age shown in Figure 5.9. Users apply a constant wrench
F, = (04N ON ONm)’.

The experiments described in this section have demonstrated realistic haptic manipulation of serial linkages
from various user-selected links. In these experiments, motion constraints due to linkage topology have been
imposed on users through penalties applied along the linkage directions of infinite structural stiffness (i.e.,
orthogonal to the linkage configuration manifold). A virtual coupler controller [3,42] would also allow users to
perceive the linkage topology. However, the control proposed in this thesis allows larger gains to be used for
enforcing the virtual topology. This is because the proposed control is applied only when users depart from
the configuration manifold and its gains are limited only by the device itself and by the sampling rate. On the
other hand, the virtual coupler acts throughout the interaction and its gains must be chosen so as to achieve a
compromise between free and constrained motion. While large gains are necessary during constrained motion,
low gains are desirable during free motion. Since the proposed control enforces the linkage topology through
larger gains than the virtual coupler, it enables users to perceive stiffer topological constraints. Hence, it allows

more transparent interaction.

This chapter has proposed simulation and control techniques that enable convincing and unrestricted haptic
manipulation of virtual linkages from any user-selected link. Physically motivated mappings of the virtual
dynamics from configuration space to operational space have been derived. A control penalizing users’ departure
from the configuration manifold of the linkage has been proposed for limiting users’ motion as required by the
virtual linkage that they operate. Simulations and experiments performed using a planar haptic interaction
system have demonstrated that the techniques described in this section can be used to enable unrestricted

operation of virtual linkages. In the experiments, the real time performance of these techniques has been
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guaranteed through efficiently implementating them in a local model of interaction. This implementation is

detailed in the following chapter.



Chapter 6

Efficient haptic rendering of rigid body

motion with constraints

This chapter presents a local model of interaction that is suitable for adding realistic forces and torques to
the manipulation of virtual tools within rigid multibody virtual environments. The local model efficiently
implements the earlier developed simulation and control techniques that facilitate transparent haptic rigid
body interaction within virtual worlds. After presenting a model synopsis, the chapter details the geometric
and the dynamic approximations that enable the proposed local model to achieve haptic speed requirements.
The chapter ends with an experimental comparison between the proposed local model of rigid body interaction
and prior local models.

The schematic of haptic virtual tool manipulation using the proposed local model is shown in Figure 6.1. In
this figure, dashed lines indicate low bandwidth, asynchronous communication between the virtual environment
and the local model of interaction. Solid lines indicate high bandwidth, synchronous communication between

the local model and the device. For simplicity, position coordination signals are not represented.

ﬁ Local model of
rigid body Vittual

| Controller | interaction _  Direction of the topological constraint n_(at update) environment

env inertia constr

Figure 6.1: Realistic haptic manipulation of virtual tools using the local model
of interaction proposed in this thesis.
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6.1 Synopsis of the local model

To meet the need of haptic devices for physically motivated forces and torques provided at high fixed frequen-
cies, the local model of interaction implements a less complex simulation. The local model approximates the
interaction between the virtual tool and the virtual environment through the interaction between the virtual
tool and nearby objects only (see Figure 6.2). A proxy of the virtual tool and constraints imposed on the mo-
tion of the virtual tool by nearby objects comprise the model. The quality of the approximation is maintained
by updating the local model at each step of the virtual environment simulation. Coordination between the
proxy and the haptic device is achieved using force and state (i.e., position and velocity) information, while
coordination between the proxy and the virtual tool in the virtual environment is achieved using proxy state

(i.e., position and velocity) information.

Proxy
/(CZ
C1

_geometry, topology

wrenches, motions [Microcontroller oy State Host
device @ Local model P g@ > _VE

hundreds of Hz tens of Hz

Figure 6.2: Communication between the virtual environment (VE), the local
model of interaction, and the haptic device.

Four features distinguish this local model of interaction from existing models. First, the model considers
not only the virtual objects already in contact with the virtual tool, but also nearby virtual objects. As shown
in Section 6.2.3, prediction of virtual tool contacts with nearby virtual objects effectively alleviates the delay
in updating local geometry when users operate the virtual tool through small clearances. Second, the local
model computes impulsive forces upon contact in addition to penalty and friction forces during contact. By
dissipating the kinetic energy of the user’s hand as prescribed by the coefficient of restitution and allowed by
the device capabilites, the impulsive forces increase the stability of the virtual contacts. By enforcing user’s
hand accelerations that are much larger upon contact than the user’s hand accelerations imposed by the penalty
forces during contact, the impulsive forces enhance the perceived rigidity of the virtual contacts. Third, the
model includes a dynamic proxy of the virtual tool in addition to local geometry. The dynamic proxy allows
a four channel haptic controller [136] to be used that both transmits wrenches between the device and the
proxy and coordinates positions between them. Compared to the virtual coupler [3,30], the four channel
controller transmits the impulsive wrenches computed by the local model of interaction to the user’s hand.

Hence, it enables users to feel collisions upon impact and thereby increases the perceived rigidity of the virtual
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objects [90,125]. Compared to directly coupling an impedance device to an admittance simulation [21], the
four channel controller allows stiffer contacts to be stably rendered to users. This is demonstrated through
experiments in Section 6.4.3. Lastly, the new local model can be used to add realistic haptic feedback to
interactive virtual environments generated using any commericial simulation package. This is because the
model makes no assumptions about the data structures or the collision detection and the dynamic response
algorithms used by the virtual environment simulation. This feature is illustrated in Section 6.4 by using the
proposed local model of interaction to allow haptic interaction within a testbed virtual world generated using

VortexTM

, a physics engine developed by CMLabs Simulations Inc (www.criticalmasslabs.com).
The features of the local model of interaction are presented in the following sections, starting with the local

geometry in Section 6.2. The local dynamics are detailed in Section 6.3.

6.2 Local geometry

The forces and torques that provide a convincing haptic experience arise at the contacts between the virtual tool
and other virtual objects, collectively referred to as the virtual environment. Hence, the local representation
of the virtual world geometry is important for realistic force feedback. Complete geometry is desirable for
accurate computation of interactions, since it allows all contact transitions of the virtual tool to be resolved
locally. Nevertheless, complete geometry cannot be used in the local model due to the complexity and the
variability across simulation packages of the data structures and of the collision detection algorithms associated
with complex geometric models.

Partial (i.e., some subset of the) virtual environment geometry may result in delayed updating of the virtual
tool contacts in the local model of the interaction. In turn, this computational delay may cause perceptual
artifacts or unstable interaction due to undesirable force discontinuities at model updates. An example interac-
tion during which undesirable force discontinuities arise at model updates is depicted in Figure 6.3. Successive
time steps of the virtual environment are shown in Figures 6.3(a), 6.3(b), and 6.3(c), and the corresponding
local model updates are shown in Figures 6.3(d), 6.3(e), and 6.3(f). The example illustrates the case where
only virtual environment geometry in contact with the rectangular virtual tool is sent to the local model. Note
that the virtual tool contacts arrive late, i.e., with significant penetration, to the local model and cause force
discontinuities at updates. In turn, these force discontinuities may destabilize the interaction.

The selection of salient geometry to be used in the local model and the choice of a method for transitioning
between the old and the new local models are critical for a stable and convincing virtual kinesthetic experience.
The techniques employed for selecting appropriate local geometry and for transitioning between successive local

models are presented in the following subsection.

6.2.1 Active geometry

While the geometry of the virtual world is important for convincing haptic feedback, its importance varies

temporally and spatially. Thus, the instantaneous interactions of the virtual tool are independent of the
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= B

(a) Virtual environment at time . (b) Virtual environment at time ¢+ 1. (¢) Virtual environment at time ¢+ 2.
(d) Local model updated at time ¢. (e) Local model updated at time ¢+ 1. (f) Local model updated at time ¢+ 2.

Figure 6.3: Example haptic interaction during which the computational delay
of the virtual environment results in delayed updating of the virtual
tool contacts in the local model of interaction.

geometry of virtual objects that are not currently in the same contact group with the virtual tool (i.e., in
contact with it either directly or through other objects). For example, the geometry of body C in Figure 6.4
has no influence on the forces presently acting on the virtual tool. Furthermore, the virtual tool interactions are
influenced more by the geometry of virtual objects in direct contact with the virtual tool than by the geometry
of virtual objects in indirect contact with it. For example, consider that a force f4 is applied to A and a force
fp is applied to B in Figure 6.4. Both these forces are transmitted to the virtual tool via the contact between
the virtual tool and A. Hence, the magnitude of the force applied to the virtual tool depends both on f4 and
on fg. However, the direction of the interaction force between the virtual tool and the virtual environment
depends on the geometry of A and is independent of the geometry of B. Thus, virtual environment geometry
in direct contact with the virtual tool at simulation updates, called active geometry, is of primary importance
for realistic user interaction within the virtual world. The active geometry is chosen initially to approximate

the virtual environment in the local model of the interaction.

Virtual
tool

Figure 6.4: The influence of the geometry of the virtual environment on the
interactions of the virtual tool.
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Coupling of a device to an arbitrary virtual world is enabled by restricting the active geometry to informa-
tion generally available in physically-based virtual environments. Typical simulation packages represent rigid
bodies as collections of convex polyhedra and compute contacts between pairs of these polyhedra [85]. They
approximate rigid body contact through a finite number of vertex-face and/or edge-edge contacts [152]. For
each contact, they provide a contact point ’SpyF’ a constraint normal direction n, and a penetration depth.
The constraint normal direction is the direction of motion of the virtual tool contact point that is disallowed
by the contact. The penetration depth is equal and opposite to the separation distance s between the bodies;
i.e., it is positive when the virtual tool and the virtual environment overlap. The active geometry consists of
all contacts of the virtual tool with the virtual environment.

In the local model of interaction, the active geometry is encapsulated in the local proxy constraints. A local
prozxy constraint is defined through the identifiers of the two contacting objects and the constraint geometric,
kinematic, and dynamic properties. Typically, the identifiers of the contacting objects are the addresses of their
data structures in the simulation. The geometric properties of a local proxy constraint embed the geometric
information provided by typical simulation packages for each contact of the virtual tool (see Figure 6.5). As

depicted in Figure 6.5(d), these properties consist of:

e the local constraint position ¢ . This is the position of the face point closest to the vertex when the
virtual tool is in vertex-face corftact with the virtual environment (Figure 6.5(a)); it is the position of the
vertex when the virtual tool is in face-vertex contact with the virtual environment (Figure 6.5(b)); and,
it is the position of the point on the environment edge that is closest to the virtual tool edge when the

virtual tool is in edge-edge contact with the virtual environment (Figure 6.5(c)).
e the local constraint normal direction n. This is the constraint normal direction supplied by the simulation.

e the local contact point P. This is the vertex itself when the virtual tool is in vertex-face contact with
the virtual environment (Figure 6.5(a)); it is the face point closest to the vertex when the virtual tool
is in face-vertex contact with the virtual environment (Figure 6.5(b)); and, it is the point on the virtual
tool edge closest to the environment edge when the virtual tool is in edge-edge contact with the virtual

environment (Figure 6.5(c)).

Note that constraints are considered to extend infinitely in the local model of interaction. Moreover, a proxy-
centric view is adopted in describing the active geometry: constraint normals are directed from the virtual
environment to the virtual tool and the contact point is taken on the proxy.

It is assumed that both the local constraint position ¢ and the local constraint normal direction n are
provided by the virtual environment simulation in world colz)rdinatesl. The local contact point P is in proxy

coordinates and is computed locally by:

g—R(g +sn—¢ > (6.1)
p com

L1f this is not the case, they can be transformed into world coordinates through an additional rigid body transformation and
an additional rotation, respectively.
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Virtual tool @
Virtual tool Seom . Ccon
Seom A Virtual tool  gu ™~
@

Virtual environment Viftual envitonment Virtual envitonment Local constraint
(a) Virtual tool in vertex- (b) Virtual tool in face- (c) Virtual tool in edge- (d) Local contact.
face contact with the vir- vertex contact with the edge contact with the vir-
tual environment. virtual environment. tual environment.

Figure 6.5: Geometric information provided by typical simulation packages for
each type of virtual tool contacts (Figures 6.5(a), 6.5(b), and 6.5(c))
and its representation in the local contact geometry (Figure 6.5(d)).

In Equation (6.1), R is the rotation from the world to the proxy coordinates and < is the position of the
COM of the proxy. The kinematic properties of a local proxy constraint are provid;(olzvll)y the local constraint,
velocity Veonstr, Which is the projection along the constraint normal n of the velocity of the virtual environment
point in contact with the virtual tool Ve

~p

(6.2)

T
Veonstr = 1N VC

~P

The local constraint velocity is used to predict the constraint position at the next simulation update, thus
diminishing local geometry discontinuities at model updates. The dynamic properties of a local proxy constraint
consist of the constraint stiffness K ,ptact, the constraint damping Beontact, the coefficient of restitution e, and
the coefficients of static and kinetic friction, us and uy, respectively. While all local proxy constraints have the
same stiffness, damping, and coefficient of restitution, they may have different coefficients of friction.

The local proxy constraints are the only geometry that the local model is aware of. Hence, only partial
virtual tool and virtual environment geometry is available locally. This is illustrated in Figure 6.6, where the
local representation of an example virtual world geometry is depicted. Partial geometry makes the proposed
approach compatible with simulation packages regardless of the data structures that they use for representing
the virtual objects. Moreover, it simplifies local collision detection, which becomes an iteration through all

local constraints in order to compute separation distances according to:

s=mnT <£ +R71}3—£ ) (6.3)
cCOoM p

In Equation (6.3), s is the separation between the proxy and the local constraint of interest and R~ is the

rotation from proxy to world coordinates.
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Virtual environment

0 an

Local constraints

(a) Example contact geometry in the vir- (b) Local representation of the virtual
tual environment simulation. environment geometry shown in Fig-
ure 6.6(a).

Figure 6.6: Partial virtual environment geometry available in the proposed local
model of interaction.

The active geometry shifts the computational delay of the simulation from delay in computing interaction
forces to delay in updating local geometry. As a result of faster force computation, the users’ haptic experience
is improved in two ways: (i) they can manipulate much stiffer objects, due to the high control rate that can be
achieved; and (ii), they can feel physical phenomena that rely on fast force transitions, such as collisions and
stick-slip friction. However, at model updates, undesirable discontinuities may arise in the locally computed
forces that may destabilize the interaction. Two techniques are proposed to avoid such discontinuities: local
proxy deformation and the use of e-active local geometry. These techniques are detailed in the following

Sections 6.2.2 and 6.2.3.

6.2.2 Local proxy deformation

An update of the local model may result in: (i) significant proxy penetration into new local constraints (this may
happen when the user moves the virtual tool very quickly into a constraint); and (ii) existing local constraints
with significant discontinuities in the penetration depth (this may happen when the virtual environment is
generated using a penalty-based simulation, because the proxy interactions are approximations of the virtual
tool interactions and the proxy penetration into the local constraints may differ from the virtual tool penetration
into the virtual environment). Discontinuities in the local constraint penetration lead to discontinuities in the
setpoint of the force control loop and may produce unacceptable force spikes or may destabilize the interaction.
This difficulty is addressed by maintaining the proxy penetration into the local constraints continuous through

proxy , i.e., the new local contact point is computed by (see Figure 6.7):

R—R(g—c ) (6.4)

p  “com
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When the virtual environment sends an existing constraint to the local model, the local contact point is re-

computed by:
E—R(g +sn—¢ > (6.5)
p com

The proxy is expanded back towards the actual geometry of the virtual tool whenever a local constraint becomes

inactive. This approach is independent of the stiffness of the local constraints.

Deformed
proxy

Actual proxy

Figure 6.7: Local proxy deformation due to violation of new constraints.

Local proxy deformation maintains penetration continuity and eliminates force discontinuities at model
updates. However, it allows the proxy to drift relative to the virtual tool. This drift is noticeable during fast
motions in locally cluttered virtual environments, when significant proxy deformation may occur in order to
maintain penetration continuity. Therefore, the free space perceived haptically may be much larger than the

free space perceived visually. e-active local geometry is used in the proposed local model to alleviate drift.

6.2.3 e-active local geometry

To diminish drift and allow realistic haptic rendering of small clearances (in virtual environments generated
using constraint-based simulations) and of tight constraints (in virtual worlds generated using penalty-based
simulations), the local model is augmented by including constraints within some neighborhood of the virtual
tool. The relevant neighborhood is defined by sweeping a sphere of radius € over the volume of the virtual
tool, as described in [88] and depicted in Figure 6.8(a). If the virtual tool has concave surfaces, then typical
simulation packages represent it as a collection of convex polyhedra [59,85] and the augmented virtual tool
(hereafter called e-active virtual tool) is obtained by sweeping a sphere of radius € over the volume of each
component polyhedron, as illustrated in Figure 6.8(b).

This technique reduces the drift by adding prediction capabilities to the proposed model: constraints are
sent to the local model before they become active. Moreover, the approach is simple to implement and general
enough to be applicable to any virtual environment. In addition to diminishing drift, the e-active virtual tool

selects a unique constraint normal at degenerate contacts, as illustrated in Figure 6.9 for a vertex-vertex contact
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Virtual tool

g—active virtual tool g—active virtual tool

(a) Convex e-active virtual tool. (b) Concave e-active virtual tool.

Figure 6.8: Neighboring constraints included in the local model through the use
of an e-active virtual tool, obtained by sweeping a sphere of radius
€ over the volume of the virtual tool.

of the virtual tool with the virtual environments. Hence, it alleviates the singularity in the constraint normal

computation at degenerate contacts.

Virtual tool .
g-active

virtual tool

Virtual

environment Constraint

normal direction

Figure 6.9: The e-active virtual tool eliminates the singularity in the constraint
normal computation at a vertex-vertex contact between the virtual
tool and the virtual environment by selecting a unique constraint
normal direction.

At simulation updates, e-active geometry is included in the local model by computing the local contact

position for new local constraints according to:

B:R(s +(s—€¢n-—¢ ), (6.6)
p coM
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and by updating the local contact position for existing constraints according to:

R:R(g +(s—€¢n—¢ ) ifsp<s—e<0or0<s—e

p coMm

g—R(g +sn—c¢ ifs—e<s,<0 (6.7)
p coMm

g—R(g -c ifs—e<0<s,
p coM

In Equations (6.6) and (6.7), s is the separation between the e-active virtual tool and the virtual environment
as reported by the simulation, and s, is the separation between the proxy and the local constraint in the local
model of the interaction.

The ability of the e-active geometry to improve user’s perception of tightly constrained virtual tools is
illustrated through a Matlab”™ simulation of a planar (3 DOF) peg-in-hole manipulation. In this simulation,
the commercial package generating the virtual environment is implemented as a penalty-based simulation of a
1kg peg in a tight hole that fits the peg exactly (see Figure 6.10(a)). The computational delay of the package
is chosen 20ms. Furthermore, the user’s action is implemented as a horizontal force f,, = 5sin (%)N. In
the simulation, the effect of the e-active geometry is illustrated separately from the effect of the impulsive
forces and the effect of the haptic controller. The effect of the impulsive forces is eliminated by implementing
penalty-based local constraints (with stiffness K ontaet = 10000N/m and damping Beontact = 15N/ (m/s)). As
depicted in Figure 6.10(b), the effect of the haptic controller is eliminated by directly coupling the local model
to the haptic device (i.e., by directly applying the environment forces to the user’s hand). The trajectory of
the user’s hand is plotted in Figure 6.11(a) for the case where only active geometry is included in the local
model, and in Figure 6.11(b) for the case where e-active geometry within a 5mm neighborhood of the virtual
tool is sent to the local model. As shown in the plots, the drift is significant without e-active geometry and is
eliminated when an e-active virtual tool is employed. Note that the motion of the user’s hand is due only to

the limited stiffness of the local constraints in the latter case.

147

I Virtual environment <

(a) Virtual task. (b) Dynamic model of the task.

Figure 6.10: One dimensional peg-in-hole task used to illustrate the influence
of local geometry on user’s perception of locally cluttered virtual
environments.
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(a) Active geometry. (b) e-active geometry (within 5mm of
the virtual tool).

Figure 6.11: Hand position for the simulated peg-in-hole task depicted in Fig-
ure 6.10(a).

6.2.4 Contact clustering and constraint coherence

Local proxy deformation and an e-active virtual tool smooth forces at model updates and improve the per-
ception of tight virtual spaces provided that constraint continuity is ensured at these updates. Constraint
continuity requires individual constraints to be identified and their local geometry to be updated according
to Equations (6.5) and (6.6). In the local model of interaction, constraint continuity is maintained through
contact clustering [85] and through maintaining constraint coherence based on geometric coherence [38].

Contact clustering is necessary in order to improve the stability of the haptic interaction in nonconvex regions
of penalty-based virtual environments [85]. Typical collision detection algorithms employed in interactive
simulations decompose nonconvex polyhedra into collections of convex pieces and approximate the penetration
depths between pairs of overlapping convex pieces using algorithms such as proposed in [33,59,83,147]. In
nonconvex regions of the virtual world, the convex decomposition of the virtual objects may result in a large
number of convex pieces around concavities. In turn, this may lead to a large number of contacts and, hence,
a larger resultant environment stiffness which may induce instability in certain configurations [85]. Contact
clustering aims to avoid instability caused by large environment stiffnesses arising from the large number of
contacts reported by the collision detection algorithms in concave regions of the virtual world.

Contact clustering is performed in the virtual environment simulation using a translational proximity thresh-
old. Specifically, a cluster is a collection of n.. contacts of the virtual tool that satisfy the condition that their
contact point ¢ . is within the translational threshold €, , from the contact points ¢ of all other contacts
in the cluster: " "

|c

~

—c |<ey, Vi=1l..n.. (6.8)
P, p,J

A cluster of virtual tool contacts in the virtual environment is represented by one local contact (see Figure 6.12).
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The separation distance of the local contact is computed by:

s=mins; VYj=1...nc, (6.9)
j

thus ensuring that the local contact exists as long as there are contacts in the cluster. Furthermore, the normal
of the local contact is obtained averaging the normals of all cluster contacts:
g
j=1"7
| Z_j:] n;|
Note that the translational threshold needs to be chosen based on the stiffness of the contacts in the simulation.

The more compliant the virtual environment, the larger this threshold needs to be.

Virtual environment
Local constraint

Virtual tool Proxy

(a) Cluster of contacts in the virtual en- (b) Local constraint representing the
vironment. cluster in Figure 6.12(a).

Figure 6.12: Contact clustering in the virtual environment.

Besides contact clustering in the virtual environment, geometric coherence [38] is used in the local model
to maintain the temporal coherence of the local constraints at model updates®. In other words, constraints
existing at two consecutive updates, t — 1 and ¢, are considered the same local constraint if their contact points
and normals are within some translational ¢, ,, and rotational €,,,, proximity thresholds, respectively, from

each other:

,-(\:_, B ,.(\:_, | < €tons (611)
Dt DPt—1
nn; 1 > ey, (6.12)

Time coherence breaks down if the virtual objects move more than prescribed by €,,, and €,,,, during one

2This is necessary because the geometry of the local constraints does not include connectivity information. Lack of connectivity
ensures that less information is sent to the local model, that local collision detection is computationally inexpensive, and that the
local model is compatible with any commercial simulation package.
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simulation step. Therefore, these thresholds must be chosen based on the maximum speed of the objects in the
virtual environment and the average time step of the simulation, Atq,4. The translational proximity threshold
is computed by:

€t = AtavgUmaa, (6.13)

where the maximum speed of the virtual objects v;,q, is set by the user in the virtual environment and At
is computed in the local model by averaging the last five time steps of the simulation. Similarly, the rotational
proximity threshold €,,,, is computed using the maximum angular speed of the virtual objects wma. set by
the user in the virtual world. In the local model, the rotational proximity threshold is also used to distinguish
between discrete approximations of round virtual objects through polyhedra and polyhedral virtual objects (see
Figure 6.13). Therefore, the rotational proximity threshold is lower bounded by the cosine of the maximum
angle between two adjacent faces of a polyhedral object, cos(f42), as set by the user in the virtual environment
simulation:

€rpne = MAX(AlgygWmagz, COS(Omaz)). (6.14)

(a) Polygonal approximation of a round (b) Polygonal virtual object.
virtual object.

Figure 6.13: Typical commercial simulation packages use polygonal represen-
tations (in a planar virtual world) for both rounded objects and
polygonal objects.

The local geometry described in this section approximates the virtual environment geometry in close prox-
imity to the virtual tool. The approximation is derived such that it eliminates the collision detection bottleneck
from the local model of interaction and improves the user’s perception of tight clearances. Furthermore, it is
able to interface the haptic device to a virtual environment regardless of the algorithms and data structures

employed to generate the rigid multibody virtual world.
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6.3 Local dynamics

Besides local geometry, local dynamics affect the realism of the haptic feedback provided to users. They allow
the local model to account for the inertia of the virtual tool during the computation of the virtual interactions.
Furthermore, the local dynamics allow the local model to compute physically-motivated impulsive forces that
are guaranteed not to increase the kinetic energy of the proxy during collisions. In essence, the local dynamics
provide an efficient implementation of the simulation and the control techniques developed in Chapters 4 and 5.
Their presentation in this section emphasizes the approximations that they involve.

Local dynamics comprise the dynamics of a proxy of the virtual tool constrained by the e-active local
geometry presented in Section 6.2. As described in the following section, the e-active local geometry is enforced
through the impulse-augmented penalty approach introduced in Chapter 4. In the local model, this approach
is based on a model of proxy contact derived from the rigid body contact model discussed in Section 4.2. The
proxy contact model has three states: free motion, colliding contact, and resting contact. The proxy is said to
be in free motion if it has no contacts (i.e., the separation distances between the proxy and all local constraints
are strictly positive). The proxy is said to be in colliding contact if it has at least one new contact with negative
normal contact velocity. Finally, the proxy is said to be in resting contact if it is neither in free motion nor in
colliding contact. Using this proxy contact model, the constraints imposed on the virtual tool by the virtual

environment are applied to users as detailed in the following section.

6.3.1 Local contact interactions applied to users

Haptic manipulation of linkages is incorporated by defining the virtual tool to be the entire articulated structure
when the user holds one of its links® (see Figure 6.2) and by computing the proxy dynamics in configuration
space. If the virtual tool is a rigid object, then its Cartesian space dynamics are its configuration space
dynamics.

The computational load of the local model of interaction is much reduced compared to that of the virtual
environment simulation. This is because local geometry makes local collision detection trivial and because only
the virtual tool dynamics are simulated locally. During manipulation of linkages, numerical efficiency is further
increased by approximating the configuration space linkage inertia D,;, the configuration space gravitational
terms G, and the topological constraints with their values at the moment of the update. Furthermore, the
Coriolis and centripetal effects are neglected, similar to work in [126,128]. Thus, the proxy dynamics during

resting contact are simulated by:
Cc

Dyt + Gy =Y J/F; +J[Fy, (6.15)

i=1

while its dynamics during colliding contact become:

-~

thq = ﬁ1)tq0 + j(:p- (616)

3By this definition, nearby contacts of all links must be sent to the local model.
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In Equations (6.15) and (6.16), f)q,t and (A}vt are the values of D,; and G,;, respectively, computed by the
simulation at the moment of the update. Furthermore, ¢ is the number of proxy contacts, F; are penalty and
friction forces, p is the collision impulse (computed as discussed in Section 4.4), J; is the proxy Jacobian at
the i-th proxy contact, J;, is the proxy Jacobian computed at the user’s hand, F} is the user-applied wrench,
J. = (J]Tnl .. J;fr’n,; .. .JCTnC)T, and n; is the local constraint normal at the i-th proxy contact. Passivity of
proxy dynamics during collisions is guaranteed by assuming static constraints when resolving local collisions.
This assumption prevents the simulation from inputting energy into the local model.

Finally, the proxy contact interactions are applied to users using the approximate SVD of the hand Jacobian

Jpn, computed by the virtual environment simulation at the moment of the update:
1, =U%, 5, V. (6.17)

In Equation (6.17) 3 € R*" is a matrix that has the singular values of J, on its main diagonal and zeros

elsewhere, EAJQ € R™*% is a matrix whose elements are equal to one on the main diagonal and equal to zero
elsewhere, and r = rank(jh). Hence, the local coordinate invariant inverse of the linkage Jacobian at the user’s
hand is:

A~ A~

~ ~ ~~ ~ ~ ~ =1 /<.~ ~~ =1 <.~
J# =D, VS! (ZQVTD’lVZQT) (ZTUTMMUEL) STO My, (6.18)

vt vt

where Myp,; is the mass matrix of the link held by the user. Users feel an environment force:

~2JTp
Fenw = J# < 6.19
°n h At ( )
upon proxy contact, and they feel:
Fenw = /jf Z JZTFi (620)
i=1

during proxy contact.

6.3.2 Local control

As discussed in Chapter 5, linkage inertia and the motion constraints due to linkage topology are imposed on
users through device control. When users operate virtual linkages through the local model of interaction, the
configuration space inertia of the linkage D,; and the singular directions of J?; are approximated through their
values in the virtual environment at the moment of the update. It follows that the inverse of the operational
space inertia of the virtual tool at the user’s hand A,;] and the directions of topological constraint ny. ; are also
approximated in the local model of interaction. Specifically, the local inverse of the operational space inertia

of the virtual tool at the user’s hand K;l is given by:

AY = 3D, (6.21)
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and the control signal imposing the approximate topology on users is:

Nitc

uqq = My Z (keeBy, ; (Xn,, — Xn) + beeDf, ; (kp,, — X)) Dy, (6.22)
i=1
where ny. and n,.,; are the number of topological constraints and the i-th topological constraint direction,
respectively, computed by the virtual environment simulation at the moment of the update. Furthermore,
recall from Chapter 5 that M, is the mass matrix of the haptic device, k;. and b;. are the stiffness and
damping of the topological constraints, x; and x; are the body position and body velocity of the user’s hand,
and xp,, and Xj,, are the simulated body position and simulated body velocity of the virtual tool at the user’s
hand in the local model of interaction.
Equations (6.21)-(6.15) provide significant computational savings in the local model of the interaction and
allow users to manipulate linkages with larger number of links. Realistic operation of virtual linkages using

these approximations is demonstrated experimentally in the following section.

6.4 Experiments

In this section, the performance of the proposed local model of interaction is compared to the performance of
the intermediate representation proposed in [21,22]. The intermediate representation comprises the geometry of
the contacts of the virtual tool at the moment of the update. Furthermore, stable interaction within a virtual
environment connected to the haptic interface through the intermediate representation is ensured through
smoothing forces at updates using constraint interpolation, as proposed in [100].

Five experiments are performed in this section, four of which are controlled experiments. All experiments are
implemented on the planar haptic simulation system described in Chapter 3 using asynchronous communication.
The first experiment validates the passivity of the proxy dynamics during collisions in the impulse-augmented
penalty local model. The second experiment demonstrates that the e-active geometry decreases the drift
caused by local proxy deformation between the user-perceived constraints and the constraints in the virtual
environment. The third experiment shows that the e-active geometry improves the haptic perception in locally
cluttered virtual environments. The fourth experiment establishes that higher contact stiffnesses are achievable
in the local model when a four channel haptic controller [136] renders the virtual interactions to the user then
when the impedance haptic device is directly coupled to the admittance local model, as done in [21]. The
last experiment suggests that further improvements are required to increase the realism of the contact with

dynamic objects.

6.4.1 Passive collision dynamics in the impulse-augmented penalty local model

The passivity of the proxy dynamics during collisions in the impulse-augmented penalty local model is investi-
gated through user manipulations within the virtual environment shown in Figure 6.14(a) in its initial configu-

ration. In the experiments described in this section, the user manipulates the distal link of the virtual linkage,
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as schematically depicted in Figure 6.14(b). The contact stiffness and damping are K ontact = 15000N/m
and Beontaet = 100N/(m/s), respectively. The contacts are perfectly plastic (e = 0) during a first example
interaction, and perfectly elastic (e = 1) during a second example interaction. The number of simultaneous
collisions, the kinetic energy of the proxy, and the environment wrenches are monitored during interaction.
The number of simultaneous collisions and the kinetic energy are plotted for both coefficients of restitution
in Figure 6.15. Note that the kinetic energy of the proxy decreases during perfectly plastic collisions with
the virtual environment (Figure 6.15(a)) and remains constant during perfectly elastic collisions with the
environment (Figure 6.15(b)). These experimental results validate the passivity of the proposed collision
resolution approach in the local model of interaction regardless of the contact restitution properties and of the
number of simultaneous collisions. The passive collision resolution enhances the passivity of a simulation that
computes impulsive and penalty interactions compared to a simulation that computes only penalty interactions.
Therefore, the coupled stability of the haptic manipulation of rigid virtual tools increases within an impulse-

augmented virtual environment compared compared to a penalties-only virtual world.

ticulate igid
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(a) Testbed virtual environment. (b) Schematic of the interaction. Initial position is shown in black. Sam-

ple later positions are shown in shades of grey (the lightest shade indicates
the latest configuration).

Figure 6.14: Experimental interaction used to investigate the passivity of the
collision resolution approach proposed in this thesis.

The environment wrenches during the two experimental interactions are shown in Figure 6.16 for perfectly
plastic collisions, and in Figure 6.17 for perfectly elastic collisions. Because the wrenches applied to users during
collisions are much larger than those applied to users during contact (by up to four orders of magnitude), these
figures display the environment wrenches using a logarithmic scale. Recall that the perceived rigidity of a
virtual environment can be enhanced by allowing users to feel large forces upon contact [90,125]. Hence, in
addition to validating the passivity of the collision resolution, the experiments presented in this section confirm

that the impulsive forces improve users’ perception of rigidity within virtual worlds interfaced to the haptic
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Figure 6.15: Passivity of proxy dynamics in an impulse-augmented penalty lo-
cal model of interaction. The user operates the virtual linkage in
Figure 3.3(b) from its distal link.

device through the proposed local model of rigid body interaction.

6.4.2 Transparency in the local model of interaction

The first experiment described in this section investigates the effect of local e-active geometry on the trans-
parency of haptic rendering of static rigid contacts. In this experiment, the user’s action is represented by a
constant wrench Fj, = (ON 0.5N ONm)7* pushing the rectangular virtual tool shown in Figure 6.18(a) towards
the bottom-most horizontal wall of the rigid enclosure, as schematically depicted in Figure 6.18(b). The stiff-
ness and the damping of the local contacts are K.ontaet = 4000N/m and Bontact = 30N/(m/s), respectively.
These values represent the maximum contact impedance for which the interaction is stable in the intermediate
representation (i.e., the virtual tool can be inserted in the tight-fitting hole at the bottom of the virtual world
and remains stable upon being left there). Furthermore, collisions are considered perfectly plastic, i.e., e = 0.
The device trajectories are plotted in Figure 6.19. These trajectories are obtained by interfacing the haptic
device to the virtual world through: (i) the intermediate representation® (“IR”); (ii) the proposed local model
including active geometry (“LMg”); and (iii) the proposed local model including e-active geometry within 5mm
from the virtual tool (“LMj5”).

The trajectories depicted in Figure 6.19 show the user’s motion toward the virtual wall and the bounce once

the virtual tool contacts the wall. Note that users perceive the virtual wall at different locations when the device

4The force is limited by the performance of the virtual environment (i.e., the virtual tool moves fast enough to pop through
the wall for larger hand forces).
5Stable interaction has been ensured through smoothing forces at updates using constraint interpolation, as proposed in [100].
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Figure 6.16: Environment wrenches applied to users during user manipulation
of the distal link of the articulated object in Figure 6.14(a) in an
impulse-augmented penalty local model of interaction with per-
fectly plastic contacts, e = 0.
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Environment wrenches applied to users during user manipulation
of the distal link of the articulated object in Figure 6.14(a) in an
impulse-augmented penalty local model of interaction with per-
fectly elastic contacts, e = 1.
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Figure 6.18: Experiment used to investigate the haptic rendering of static con-

tact.
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Figure 6.19: Device trajectories obtained when the virtual tool shown in Fig-
ure 6.18(a) is pushed with a constant force towards the bottom-
most horizontal wall of the virtual environment, as depicted in
Figure 6.18(b). The intermediate representation (“IR”), the local
model including active geometry (“LMg”), and the local model
including e-active geometry within 5mm from the virtual tool
(“LM5”) interface the haptic device to the virtual environment

simulation.
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is interfaced to the virtual world through the intermediate representation, the local model with active geometry,
and the local model with e-active geometry. In particular, users perceive the virtual world at its location in the
virtual environment, ycoy = 116mm, when e-active geometry within 5mm of the virtual tool is included in
the local model. Users perceive the virtual wall at ycon = 87mm and at yocoa = 80mm in the intermediate
representation and in the local model with active geometry, respectively®. The drift between the perceived
location of the wall and its location in the virtual environment is caused by the smoothing techniques used
to avoid force discontinuities at updates in the intermediate representation and in the local model, constraint
interpolation and proxy deformation, respectively. Since users perceive no drift when interacting with the local
model with e-active geometry, the experiment illustrates that no proxy deformation occurs in this case. In
turn, this means that constraints are sent to the local model before they become active. Hence, the experiment
demonstrates that e-active geometry diminishes the drift between the user-perceived position of the constraint
and its position in the virtual environment. While the drift is dependent on the user-applied forces and the
virtual world geometry, the experiment illustrates that it can be significantly reduced (by approximately 3.5cm
in this case) by including in the local model e-active constraints within a relatively small neighborhood of the
virtual tool (5mm in this experiment). By alleviating this drift, the e-active geometry increases the transparency
of the interaction.

The second experiment demonstrates the role of the e-active geometry in improving the perception of tight
virtual clearances. In this experiment, the controlled interaction represents a peg-in-hole manipulation. The
user rotates the rectangular virtual tool shown in Figure 6.20(a) by 90° and inserts it into the hole at the bottom
of the rigid enclosure that exactly fits the peg. The user then releases the peg and their hand is replaced by
the wrench Fj, = (1sin(57)N ON ON/m)”, i.e., the peg is shaken horizontally by a sinusoidally varying force,
as schematically represented in Figure 6.20(b). As before, the stiffness and damping of the local contacts
are Koontaet = 4000N/m and Beoniaer = 30N/(m/s), respectively. The experimental device trajectories are
shown in Figure 6.21. They are obtained by interfacing the haptic device to the virtual environment through:
(i) the intermediate representation (“IR”); (ii) the present local model including active geometry (“LM;,”); and
(iii) the local model including e-active geometry within 5mm of the virtual tool (“LMs5”).

The experimental trajectories illustrate that, depending on the technique employed to haptically render
the virtual hole, the device travels different distances along the z direction at different locations along the
y direction in the virtual world. The differences in the three trajectories result from two combined factors.
First, the constraints (representing both the lateral and the top virtual walls) arrive with delay in the inter-
mediate representation and in the local model with active geometry. Hence, not all constraints representing
the hole geometry are avaialable in these models throughout the interaction and these models render only
approximations of the hole geometry to the user. The constraints arrive before becoming active in the local
model with e-active geometry. Therefore, all constraints representing the hole geometry are available in this

model throughout the interaction and this model renders the exact hole geometry to the user. Approximate

6The different locations are due to the slightly different starting positions of the device. These differences are caused by friction
in the device and the limited stiffness of the controller used to drive the device to the initial position.
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Figure 6.20: Experiment used to demonstrate the role of e-active geometry in
improving user’s perception of tight virtual clearances.
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Figure 6.21: Device trajectories obtained when the virtual tool shown in Fig-
ure 6.20(a) is rotated by 90°, inserted into the tight-fitting hole at
the bottom of the virtual world, and shaken horizontally with a
sinusoidally varying force, as depicted in Figure 6.20(b). The in-
termediate representation (“IR”), the local model including active
geometry (“LMg”), and the local model including e-active geome-
try within 5mm from the virtual tool (“LMj5”) interface the haptic
device to the virtual environment simulation.
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(i.e., incomplete) hole geometry accounts for the larger device rotation and for the larger free space haptically
perceived by users (represented through larger device motion along the z direction) in the IR and the LM,
trajectories in Figure 6.21. Second, the constraints are imposed on the device using only penalty forces in the
intermediate representation and using impulsive and penalty forces in the local model of interaction. Approx-
imate (incomplete) hole geometry together with the contact model explain the variances along the y axis in
the device trajectories. In particular, when the virtual constraints are imposed through penalty forces (the
IR trajectory), the device bounces and loses contact with the constraints. During free motion, the interface
drift along the y direction is unbalanced and the device moves away from the horizontal wall of the hole, as
illustrated in Figure 6.21(a). When the virtual constraints are imposed through impulsive and penalty forces
(the LMy trajectory), the device maintains contact with the lateral constraints longer and friction in the lat-
eral walls balances the interface drift. The interface motion towards the bottom of the hole is caused by the
intermittent loss of contact with the bottom wall, which results in the horizontal constraints arriving late to

the local model with active geometry. In turn, the delayed horizontal constraints cause local proxy deformation

along the y-direction and allow the interface to drift towards the bottom of the hole.

6.4.3 The effect of the teleoperation controller on the achievable contact stiffness

To demonstrate the effect of the teleoperation controller on the achievable contact stiffness, the controlled peg-
in-hole experiment depicted in Figure 6.20 is repeated using only the local model of the interaction and increas-
ing the stiffness and the damping of the local contacts to K ontact = 15000N/m and Beoptact = 100N/ (m/s),
respectively’. This stiffness is almost four times larger than the contact stiffness used in the previous exper-
iments. Moreover, the controlled wrench applied on the device is F = (3sin(57)N ON ON/m)T. The device
trajectories obtained using both active (“LMg”) and predicted (“LMs5”) geometry in the local model of the
interaction are plotted in Figure 6.22.

The experimental trajectories show that much higher contact stiffness can be rendered to users when a
four channel controller applies the virtual interactions to the user’s hand then when the impedance haptic
device is directly coupled to the admittance local model of interaction. Furthermore, these trajectories validate
the positive effect of predicted geometry on the perception of tight clearances. Note that the device travels
approximately 2cm more along both the z and the y axes and rotates more around the horizontal orientation of
the virtual peg when the local model incorporates active geometry than when it incorporates predicted geometry
within 5mm of the virtual tool. However, due to overshoot, the device penetrates into the constraints more
than 5mm and the neighborhood selected for geometry prediction is not sufficient to eliminate the impact of
the virtual environment delay on the interaction represented by the LMj trajectory. This impact is represented

in the larger device motion along the = axis than permitted by the contact stiffness.

7Only the local model of interaction is used to interface the device to the simulation because the larger contact stiffness renders
the interaction unstable if the device is directly coupled to the intermediate representation proposed in [21]
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Figure 6.22: Device trajectories obtained when the virtual tool is inserted in
the tight-fitting hole at the bottom of the virtual world shown in
Figure 6.20(a) and shaken horizontally with a sinusoidally varying
force, as depicted in Figure 6.20(b). The local model including
active geometry (“LM,”) and the local model including predicted
geometry within 5mm from the virtual tool (“LMj5”) interface the
haptic device to the virtual environment simulation.

6.4.4 Dynamic contact

The controlled manipulation described in this section investigates the realism of the haptic interaction with
moving virtual objects using the virtual environment depicted in Figure 6.23(a). To allow comparison be-
tween the local model and the intermediate representation, the virtual contacts have stiffness Kiontact =
4000N/m and damping Beontact = 30N/(m/s). Moreover, the user’s hand is replaced by a constant wrench
Fj, = (ON 0.1N ON/m)? that pushes the virtual tool until the last link of the virtual linkage hits the top-most
horizontal wall of the enclosure (placed at yconm = 181mm), as schematically depicted in Figure 6.23(b). Fig-
ure 6.24 depicts the device trajectories obtained by interfacing the haptic device to the virtual world through:
(i) the intermediate representation (“IR”); (ii) the local model including predicted geometry within 5mm of
the virtual tool and static constraints (“LMg¢”); and (iii) the local model including predicted geometry within
5mm of the virtual tool and moving (kinematic) constraints (“LMg¢”). In the local model, the kinematic
constraints move along the contact normal with the velocity that they have in the virtual environment at the
moment, of the update.

Several remarks result from the experimental trajectories. First, the haptic device (i.e., the user’s hand)
loses contact with the virtual link several times during pushing, regardless of the technique used to interface the
device to the simulation. This non-physical behavior is demonstrated by the bounces recorded in all trajectories
in Figure 6.24. Second, the device bounces more when connected to the virtual world through the intermediate
representation then when connected through the local model of interaction. Third, the bounces are similar

when the local model of interaction interfaces the device to the virtual environment, regardless of whether
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Figure 6.23: Experiment used to investigate the realism of the haptic rendering
of dynamic contact.
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Figure 6.24: Device trajectories obtained when the virtual tool pushes the last
link of the virtual linkage in Figure 6.23(a) with a constant force, as
shown in Figure 6.23(b). The intermediate representation (“IR”),
the local model including predicted geometry and static constraint
(“LMg¢”), and the local model including prdicted geometry and
moving (kinematic) constraints (“LMg¢”) interface the haptic de-
vice to the virtual environment simulation.
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the local constraints are static or kinematic. Two conclusions can be drawn from these experimental results.
First, further improvements are required both in the intermediate representation and in the local model of
interaction to increase the realism of dynamic contact, i.e., to maintain contact while interacting with moving
virtual objects. Second, the local contact model enhances the stability of dynamic contact compared to the
intermediate representation. This improvement is due to the local modeling of collisions and is not influenced

by the use of kinematic local constraints.

This chapter has proposed the first local model of rigid body interaction that has been used to constrain both
the translation and the rotation of a haptic device. This model comprises geometry and dynamics techniques
that enable efficient and transparent haptic rendering of rigid body motion with constraints. Local geometry
maintains force continuity at model updates through implementing novel techniques like local proxy deformation
and e-active geometry. Local dynamics efficiently implements the simulation and control methods developed
in Chapters 4 and 5. The model has been validated by comparing its performance to the performance of
existing approaches through experiments performed using a planar haptic interaction system. The experiments
confirm that the local model proposed in this thesis increases the stability and the transparency of rigid body
interaction within multibody virtual environments. This model allows users to feel collisions upon contact,
stiffer constraints during contact, and topological constraints during linkage manipulation. The model also
allows haptic manipulation of virtual linkages from any user-selected link, as demonstrated by the experiments
presented in Chapter 5. In addition, the proposed local model of interaction provides a general purpose
methodology for interfacing a haptic device to a virtual environment simulation, as it imposes no restrictions

on the data structures and the algorithms used to generate the rigid multibody virtual world.



Chapter 7

Conclusion

This thesis has proposed a novel approach to applying realistic forces to users while they operate rigid virtual
tools within multibody virtual worlds. In this approach, an original model of unilateral contact significantly
increases the stability and the perceived rigidity of virtual contacts. A new model of bilateral contact and a
coordinate invariant mapping of interactions from configuration space to operational space enable users to freely
manipulate virtual linkages in addition to virtual objects. Fast local approximations of rigid body interaction
interface a haptic device to a virtual environment simulation in a manner transparent to the application
developer. As a result, convincing force feedback can easily be added to virtual prototyping and design
applications, in a modular fashion and without a detailed consideration of the haptic simulation and control
algorithms. The specific contributions to haptic rendering of rigid body motion with constraints of the thesis

are summarized in the following section.

7.1 Summary of Contributions

¢ Rigid contact modeling

A novel model of unilateral rigid body contact has been introduced that enables users to feel collisions. In
the proposed model, contacts are infinitely stiff when they arise and have limited stiffness thereafter. To
achieve this effect, the model combines constraint-based collision resolution with penalty-based contact
resolution. This allows interaction forces and impulses to be computed and applied to users at the high
fixed rates imposed by the haptic controller. The approach eliminates the need for constraint stabilization

following collision resolution.

A new collision resolution method has been developed that allows multiple collisions to be resolved
simultaneously such that the kinetic energy of the multibody system never increases during collisions.
The method is shown to apply equally to independent and to overdetermined constraints, as it implicitly

eliminates constraint overdeterminancy.
A physically motivated approach has been proposed to incorporate the limitations of the haptic device

112
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when impulses are applied to the user. The approach is consistent with conservation of energy principles
and is made possible by the fact that constraints need not be stabilized after impact. Furthermore, the
approach allows graceful degradation of performance when device capabilities diminish by maximizing

the user’s hand kinetic energy dissipated during impacts subjected to device capabilities.

A friction model developed in computational mechanics [61] has been used for the first time for haptic
rendering of dry friction. Simulations and experiments have shown that this model renders a richer set
of sticking contact characteristics than prior methods for haptic rendering of Coulomb friction. These

characteristics are easily adjusted through a parameter with physical significance.

e Haptic manipulation of linkages

Realistic manipulation of virtual linkages from any user-selected link and through singularities has been
enabled through the development of new simulation and control methods. To increase computational
efficiency and to eliminate the need for constraint stabilization, the dynamics of the multibody system
have been simulated in configuration space. To enable compelling and unrestricted operation of virtual
linkages, the configuration space dynamics have been mapped to operational space and applied to users
through control. A four channel teleoperation controller imposes the unilateral constraints on users, while
an augmented impedance controller applies the linkage inertia and the bilateral (topological) constraints to
users. The coordinate invariant mapping of the linkage dynamics from configuration space to operational
space and the representation of the topological constraints at the user’s hand through control contribute

new developments to haptic manipulation of virtual linkages.

The coordinate invariant representation of linkage contacts at the user’s hand is based on the theory
of weighted generalized inverses developed in robotics [46] for purposes of hybrid control. While the
mapping itself is not a new theoretical development, it has not been used in prior simulation research. The
topological constraints are imposed on users through penalizing their departure from the configuration
manifold of the virtual linkage through device control. The penalties embody the directions along which
the virtual linkage has infinite structural stiffness at the user’s hand. Simulations and experiments have
been used to demonstrate that the topological penalties successfully impose the bilateral constraints on

users.

e Fast local approximations of rigid body interaction

Local models of rigid body interaction have been considered in prior research [21]; however, this work
introduces the first local model that has been used to constrain both the translation and the rotation
of the haptic device'. Five new features distinguish the proposed local model of rigid body interaction
from existing models. First, the proposed local model uses local proxy deformation to avoid destabilizing

force discontinuities at model updates. Experiments performed in a planar testbed virtual environment

IDevice rotation is typically more challenging to constrain because, in typical simulation packages, rigid body contact in concave
areas of the virtual environment is represented through a large number of vertex-face contacts whose stiffnesses compound such
that they result in larger increases in the rotational stiffness than in the translational stiffness of the virtual environment [85].
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demonstrate that local proxy deformation successfully maintains interaction stability in contact configu-
rations that present challenges for prior local models (like peg-in-hole manipulations [21]). Second, the
model comprises e-active geometry, which has been demonstrated to increase the realism of the haptic
manipulation of the virtual tool through small clearances. Third, the proposed local model implements
the impulse-augmented penalty model of rigid contact developed in this thesis. Hence, it computes impul-
sive forces upon contact and penalty and friction forces during contact. The impulsive forces increase the
stability of the local contacts. Fourth, the proposed local model includes a dynamic proxy in addition to
local geometry. The dynamic proxy allows a four channel haptic controller [136] to be used for transmit-
ting wrenches between the device and the proxy and for coordinating positions between them. Compared
to the virtual coupler [3,30], the four channel controller applies the locally computed impulsive forces
to the user’s hand, thus enabling users to feel collisions and improving the perceived rigidity [90, 125]
of the virtual contacts. Compared to directly coupling an impedance device to an admittance simula-
tion [21], the four channel controller allows users to feel stiffer contacts. Lastly, the proposed local model
of interaction imposes no restrictions on the data stuctures and the dynamic response algorithms used to

generate the virtual environment. Therefore, the model can be used to add force feedback to interactive

virtual worlds generated using any commercial simulation package.

7.2 Future Work

The results of this work can be extended and its limitations addressed in several ways:

e Improved contact models

Compared to prior models used for haptic rendering of rigid contact, the model developed in this thesis
constrains the user’s hand trajectory closer to the trajectory imposed by a real rigid wall. However, the
performance of this model is little improved during contact with dynamic virtual environments. This
is expected, since the model is derived from a penalty representation of static contact. More realistic
models of dynamic contact can be developed that include inertial properties in addition to stiffness and
damping. Such impedance-type representations of rigid contact may be developed that require minimal

additional computational effort and more accurately embody dynamic contact.

e Collisions with friction and arbitrary coefficients of restitution

The present collision resolution approach assumes frictionless collisions, all with the same coefficient of
restitution. This assumption has successfully increased the stability and the perceived rigidity of the
virtual contacts. However, it cannot be used to render rolling, sticking, or reversed sliding that might
occur after collision. The development of a collision resolution method compatible with the fixed haptic
rate requirements would allow such phenomena to be rendered to users, thus increasing the realism of

the haptic manipulation of rigid objects within multibody virtual worlds.



7.2 Future Work 115

e Local geometry prediction based on user’s intent

Local models of interaction are necessary for allowing haptic collaboration over internet. This work has
been the first to allow rigid body manipulation using such a model. However, only crude geometry has
been included in the proposed local model. As environment geometry is significant during the interaction
with rigid virtual objects, improved prediction of local geometry is likely to result in enhanced realism
of the interaction. The enhancement will allow the local model to suitably render more complex virtual
environments, i.e., virtual environments with larger computational delays and more complex contact
geometries. One promising approach to enriching the local geometry is contact prediction based on user
intent rather than based on spatial proximity. Various mechanisms can be used to predict user intent,

from simple ones (like user velocity) to others more complex (like Hidden Markov Models).

e Virtual geometry for haptics

A wider spread of haptic applications requires the availability of general purpose interfaces between haptic
devices and rigid multibody simulations like the local model proposed in this thesis. Such interfaces allow
application developers to add force feedback to virtual environments without requiring them to have
detailed knowledge of the haptic simulation and control algorithms. However, the quality of the haptic
feedback provided by such interfaces depends on the suitability of the data structures used in the virtual
environment simulation. Present data structures result in perceptual artifacts during haptic simulations,
since they are typically not able to maintain contact coherence during contacts that involve concave
surfaces. In this work, such limitations have been alleviated through contact clustering and through
maintaining temporal coherence based on spatial coherence. However, this technique breaks down if the
user moves fast in highly concave regions. Geometric data structures that can be used to maintain rigid

body contact coherence must be developed to eliminate such artifacts.

e Alternative collision rendering techniques and user studies

In this work, collisions have been rendered to users through impulsive forces that dissipate the kinetic
energy predicted by the coefficient of restitution over one simulation step. This approach is based on
the assumption that impacts are instantaneous events. Nonetheless, alternative rendering approaches
might suitably approximate the instantaneous nature of collisions while allowing users to perceive other
contact characteristics in addition to rigidity. Sinusoidally varying impulsive forces might allow users to
distinguish between wood on wood or wood on metal collisions, for example. Future user studies need
to be performed to identify salient features of the impulsive forces that can be manipulated in order to

allow users to perceive such differences.

Furthermore, the model used in this work to render dry friction has been shown adequate for displaying
various stiction behaviors. Whether these behaviors can be associated to meaningful contact character-

istics must be investigated through future user studies.
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e User studies

The haptic rendering techniques developed in this work have been shown to enable more transparent
manipulations of rigid virtual objects than prior methods. The transparency of the interaction has
been assessed via comparing physical outcomes of virtual manipulations implemented through varying
modeling approaches to physical outcomes of real manipulations. No attempt has been made to assess the
performance of the proposed methods via perceptual studies. This is partly because the motivation for
some of the new techniques (such as the use of impulsive forces for haptic rendering of rigid contact) has
been provided by existing user studies [125], [90]. Nevertheless, human perception is key to evaluating any
haptic rendering approach. Therefore, future user studies are necessary to further validate the advantages

of the methods developed in this work.

e Guaranteed stable interaction

Lastly, the present work does not guarantee stable interaction within arbitrary rigid multibody virtual
environments. This is because contacts are resolved using traditional penalty techniques. These tech-
niques are conditionally stable and render environment stiffnesses that depend on contact geometry.
Hence, their stability cannot be guaranteed for arbitrary virtual environments. This limitation needs to
be addressed by developing a new concept of stiffness for rigid body constraints that breaks away from
combining point stiffnesses into a resultant rigid body contact stiffness. The successful development of

such a concept hinges on a physically meaningful metric for defining distances in configuration space.

At the end of this work, rigid body interaction within arbitrary virtual environments continues to be a
challenging endeavor. The developments presented in this thesis have led to increased stability and enhanced
realism of the force feedback applied to users while they manipulate virtual objects or virtual linkages. However,
they do not guarantee that the interaction will be free of perceptual artifacts or stable regardless of the
complexity of the virtual world. Further work is required to provide such guarantees and to transform haptic

devices into widely used computer interfaces.
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Appendix A

Proof of implicit elimination of

constraint overdeterminancy

This appendix proves that, if 7. is row rank deficient, then:
-1
g (7D I 7. = g (7D T (A1)

where 7, is full row rank, and J. = [jnT jTT].
Proof:
Let J. be given by JI = [JnT Jr

rank(J,) = r. By elementary row operations:

]T, where 7, is full row rank, i.e., rank(J,) = rank(J.) = n, and

L, 0| |7 In

= , (A.2)
A L T 0
where A € R™*", and I,, and I, are identity matrices of rank n and r, respectively.
Then:
1 =T t
I, 0 In I, AT
o) - D g7 o] -
A 1, 0 0o I,
7 i
_AT
_ L, 0| |Jn D! {jT OT} I A _
~A L[ |0 ! 0o I
r r i
I, AT| |7,D'JT o| |1, O©
0 I, 0 ol |A 1,
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The last algebraic manipulation is based on the fact that:

(xxT)" = (x7)" x1, (A.4)
To show that Equation (A.4) holds, let the SVD of X be given as X = UXVT. Then:
xx")" = (uzzu”)' = ux's'UT = unviveuT = (x7) X1 (A.5)
where: )
¥ = ) (A.6)
0 --- 21_n 0
L 0 - 0 - 0
and X4, ---, X, are the singular values of X.
Jr (‘YCD’lch)Jr J. can now be computed using Equations (A.2) and (A.3):
1.
I, AT| |7,D'JT o| |1, O©
VAR NA RN AD VARSI A J. =
0 I, 0 ol |A 1,
(o ol [a]
0 0 0
(A.7)

=77 (7D 7)) T



Appendix B

Weighted generalized inverses for

linkage manipulation

This appendix briefly overviews weighted generalized inverses applied to robotics, following the in-depth dis-

cussion of their properties and their correct application in robotics introduced in [46].

B.1 Weighted generalized inverses of matrices

Consider a linear transformation A that maps a real vector space X with metric M, into a real vector space
U with metric M,,:
u = Ax. (B.1)

If A is singular, then a solution x; to Equation (B.1) may be derived as:
x, = A%u, (B.2)
where A# is called the weighted generalized inverse of A [20] and is computed by:
A* —M;'Cc” (cm;'C”) " (F"M,F)” F'M,,. (B.3)

In Equation (B.3), A = FC is a full rank factorization of A, i.e., F is full row rank and C is full column rank.
A# is a weighted generalized inverse of A because, for any symmetric positive definite weights M, and M,,,

it satisfies the following properties [20]:
1. AA¥A=A
2. A#AA# = A#

3. (M,AA#)" = M,AA%#
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4. (M,A#A)" = M,A#A

Additionally, A# is unique, (A#)# = A and (A#)T = (AT)# [20].

The weighted generalized inverse A# computes the minimum M,-norm:
% [Ra, =< %5, Mo, >, (B.4)
of all solutions that produce the minimum M,-least squares error:
u— Ax,[}y, =< (u— Ax,), M, (u— Ax,) >, (B.5)

where <, > denotes the inner product on a metric space.
As discussed in [46], the weighted generalized inverse is invariant to the choice of metric M, on X if A = C
has full column rank:

A* =M, 'CcT (cm,'C”) ' =M, AT (AM, 'AT) (B.6)

and is invariant to the choice of metric M, on U if A = F is full row rank:
A# = (FTM,F)" F'M, = (ATM,A) ' A™M,. (B.7)
If A is invertible, then its weighted generalized inverse is invariant to both metrics:
A# = (ATMUA)” A™, = A" "M 'ATTATM, = AL, (B.8)

B.2 Weighted generalized inverses applied to robotics

A linear transformation A (that maps X into U) and its transpose A" (that maps W into T):

u = Ax (B.9)

t = ATw (B.10)
and the scalar product:

P:=<uv> (B.11)

are called a dual system [46] if all terms in P have the same physical units. The importance of dual systems lies
in the fact that their solution is simplified by the fact that M;' and M, ' are metrics on T and W whenever
M, and M, and metrics on X and U. Consequently, the dual system may be solved using the weighted
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generalized inverse A# and its transpose (A#)T:

x = A%u (B.12)

w = (A")'t. (B.13)

Until now, the discussion of linear transformations and their weighted generalized inverses has been general,
but it has implicitly relied on the metric structure of X and U and the inner products defined on these spaces
through the metrics M,, and M,,. The relevance of this theory to robotics (and to virtual linkage manipulation)
is apparent when considering suitable choices of metrics on the linear spaces of interest.

In robotics, the linear transformations of interest are the Jacobian matrix of a linkage J and its transpose

JT. The linkage Jacobian maps the space @ of joint velocities to the space V of twists (rigid body velocities):
x =Jq. (B.14)

In Equation (B.14), q is the vector of configuration (linear and angular joint) velocities of the linkage, and
X = (vT wT)T is the twist at the point of interest, with v € R? being the linear velocity at the point of
interest and w € R? being the angular velocity of the link on which the point of interest lies. The transpose

of the linkage Jacobian maps the space of wrenches F' to the space of configuration (joint) torques T':
T =J'F. (B.15)

In Equation (B.15), T is the vector of configuration (joint) torques, and F = (£ TT)T is the wrench at the
point of interest, with f € R?® being the force at this point and T € R? being the torque. According to the

discussion above, J, J7' and the scalar product (representing power):
P:=<%F > (B.16)

form a dual system, i.e., x and F (and q and T) are said to be duals of each other. This means that finding
suitable metrics on @) and V is sufficient for inverting both Equation (B.14) and Equation (B.15). Therefore,
only the mapping of configuration velocities to twists is considered in the following.

When choosing metrics on these two spaces, two conditions must be satisfied in order for the metrics to

have physical significance:

1. The inner products on the two spaces must have the same units in all the terms (i.e., they must be

physically consistent).

2. The metric must be gauge invariant (i.e., invariant to coordinate, or rigid body, transformations).

As shown in [46], kinetic energy metrics satisfy these two properties.
This thesis is concerned with enabling realistic and unrestricted (i.e., from any user-selected link and through

singularities) haptic manipulation of arbitrary virtual linkages. Therefore, two kinetic energy metrics are chosen
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to compute the weighted generalized inverse of the Jacobian of the virtual tool at the user’s hand, according
to:

J¥ =D,'C” (CD,}C") " (FMuF") ' F'M,,. (B.17)

vt

In Equation (B.17), D, is the configuration space inertia of the virtual tool and My, is the inertia of the link
held by the user, computed in the world coordinate frame. J# is used to represent the contact interactions of
the virtual tool at the user’s hand in a coordinate-invariant manner when the user holds a link whose motion
is restricted by the linkage to which it belongs. Example such interactions include a user rotating a virtual
crank or opening a virtual door.

Note that, if the Jacobian of the virtual tool at the user’s hand is full column rank, i.e., J;, = C, its weighted

generalized inverse reduces to the dynamically consistent inverse of the Jacobian [80]:
I =D 137 (3,D137) " (B.18)

When the Jacobian looses rank, i.e., when the linkage topology restricts the rigid body motion at the user’s
hand, the inertia matrix of the link held by the user My, selects the rigid body motion that best approximates,

in the My,;-least-squares sense, the rigid body motions not in the range of J,.



Appendix C

Equality of null spaces of A;l and JZ

This appendix proves that the SVD of the virtual tool Jacobian computed at the user’s hand J; can be used to
derive the singular directions of the inverse of the virtual linkage operational space inertia at the user’s hand
-1
A
Let the SVD of Jj, be given by:

Thoxe = Usx6ZB6xaVira- (C.1)
Then:
Ao = UsxeZoxaVixaDyry,, VaxaBixeUge- (C.2)

Since D;tl is symmetric positive definite, it can be reduced to the diagonal form A through a suitable rotation

aq 0 0
A=|: =RD,/R". (C.3)
0 0 ... aq
Moreover, Y = RV = (y; ... yq) is orthogonal (since V'RTRV = T), and the product V'D 'V is
diagonal and equal to A:
viD,V = V'R"ARV =
yT ag 0 ... O
= <y1 yd> =
y; 0 0 aq
yi
= <a1 Y1 . adyd> = A (C4)
Ya
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Furthermore, let rank (J,) =r, i.e.;:

b 0, (d—r
Sewa=| = (C.5)

06-—r)yxr O@—ryx(d—r)

! . . . . . . . .
where X, .. is the r-dimensional diagonal matrix having the r non-zero singular values ¥y, ..., of J, on its

main diagonal. Then, from Equation (C.2) and Equations (C.4) and (C.5), it follows that:

EAsxa = 26de§de;tidedxdEZ;xﬁ =

E;“ TATrxrzlr r 07‘ -r
_ X X X(d—r) . (CG)

O(a—ryxr O(a—ryx(d—r)
In Equation (C.6), A, is the diagonal matrix having a4,. .., a, on its main diagonal, and:
aq E? PN 0
YAS = | . (C.7)
0 TS -

Finally, after substitution from Equation (C.7), Equation (C.2) becomes:
Ailx :UGXGEAﬁxﬁUgX6= (08)

with Ugxe orthogonal, and X,,, , diagonal and having the first r diagonal elements non-zero. In other words,

Equation (C.8) gives the SVD of A, .



Appendix D

The dynamics and control of the

planar haptic interface

The planar haptic interface used in the experiments described in this thesis is shown in Figure D.1. The
interface comprises two identical pantograph mechanisms mounted in parallel. As depicted in Figure D.2,
each pantograph consists of four carbon fibre links and five rotational joints. The pantograph endpoints are
connected through a link that freely rotates with respect to each mechanism. This mechanical arrangement
endows the haptic interface with three DOFs, translation along any horizontal axis and unlimited rotation

about the vertical axis.

Figure D.1: The twin pantograph planar haptic interface.

D.1 Interface actuation and dynamics

Joint angles 6, and #, are measured by digital encoders with a resolution of 0.0225 degrees (16,000 counts per
revolution). These joints are actuated by 90W DC motors and are considered torque sources. All other joints

are passive. The four idential motors that actuate the haptic interface are driven by constant current sources
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Figure D.2: The parameters of one pantograph linkage. The base joints are
shown in black. The pantograph endpoint P, is the joint between
the two not grounded links.

and produce torques T proportional to the armature current i, through the motor torque constant k;:
T = ktia- (Dl)

The motors have a motor torque constant k; = 0.0525NmA !, a continuous current rating of 2A, and a peak
current rating exceeding 10A. They provide a peak force of 23N and a peak torque of 115Ncm at the ahndle.
Peak accelerations of 6g have been obtained at half the maximum coil current.

Joint velocities 8; and 6, and user-applied wrenches Fj, are estimated from joint angle measurements and
applied motor torques using a force observer [60] and accurate interface dynamics [136]. In terms of the actuated

joint variables § = (6, 02)T, the configuration space dynamics of each pantograph are derived as [136]:
D, ()6 + C,(0,6)0 =T, — J''t,, (D.2)

where D, and C,, are the configuration space inertia and Christoffel matrices of one pantograph, respectively,
T, is the vector of applied actuator torques, J, is the pantograph Jacobian computed at its endpoint, and f,
is the external force applied at its endpoint. The configuration space dynamics of the individual pantographs

are combined into the operational space dynamics of the haptic interface [136]:
Mgy + Caxp =F +J'T =Fj, + u. (D.3)

In Equation (D.3), X, X5, x5, are the body acceleration, velocity, and position of the user’s hand (i.e., device

handle), respectively, My and Cy are the operational space inertia and Christoffel matrices of the haptic

interface, respectively, F}, is the user-applied wrench, J. is the Jacobian matrix of the interface, T is the vector
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of applied actuator torques, and u is the operational space control signal.
Since the haptic interface has four motors and three DOFs, the actuation redundancy is used to minimize

the force along the link connecting the two pantograph endpoints:
T=J3" (3" (D.4)

where J:ﬂ =1J, (JOTJO) s the right pseudo-inverse of J7. In turn, J7 maps the forces applied by the endpoints

of the two pantograph mechanisms to the wrench applied by the haptic interface:

fz]

weat | ] (D.5)
sz

.fy2
D.2 Interface control

The interface is controlled by considering that the haptic interaction within virtual environments is a teleop-
eration task. According to this view, the haptic interface is the master and the virtual tool is the slave. High
performance interaction [89,130] is achieved by controlling the haptic device using a four channel teleoperation
architecture [89]. The advantage of the four channel architecture is that it allows the virtual environment to
be designed independently from the haptic interface control.

The four channel architecture is illustrated in Figure D.3 for one DOF interaction. In this figure, f, and
fenv are the user-applied and the environment force, respectively, #, and @p,, are the user’s hand and the
virtual tool velocities, respectively, and Z,, Z;, Z,;, and Z.,, are the impedances of the user’s hand, the
device, the virtual tool, and the virtual environment, respectively. Furthermore, C; and Cj are the position
channel controllers, Cs and C5 are the force channel controllers, and C; and C,; are the position controllers of
the local device and the virtual tool, respectively.

Transparent interaction is difficult to achieve if the master and the slave are kinematically and dynamically
dissimilar [130]. Therefore, an impedance controller shapes the impedance of the haptic device to match
the desired impedance of the virtual tool, i.e., Zy = Z,;. Impedance shaping is performed according to

Equation (5.21).
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Figure D.3: The four channel architecture for 1IDOF haptic interaction within
virtual environments. Simulated blocks are shaded.
In this thesis, the following controller parameters were used:
Ca 35+ 120
Cot 35+ 122 + Baap
C C
1 vt (DG)
Cy 1
Cs 1
Cy —Cy

The adaptive damping Baap = Kp fenv + Bmin is added to Cyy in order to reduce chattering (K, = 60s/m,
B,.inn» = Okg/s) [132].



