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Abstract

A new simulation approach is proposed to improve the stgtalnd the perceived rigidity of contacts during haptic iatgion
with multi rigid body virtual environments. The approachrgautes impulsive forces upon contact and penalty anddridibrces
during contact. The impulsive forces are derived using a oallision resolution method that never increases the kiretergy of
the system. When new contacts arise, the impulsive forcesrgee large hand accelerations without requiring inegasntact

stiffness and damping. Virtual objects and linkages arandgg as points in the configuration space and no distinésionade
between them in the proposed approach.
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Haptic rendering of rigid contacts using impulsive
and penalty forces

I. INTRODUCTION modeled by penalties and impulses compared to a penalties-

In many virtual reality applications, haptic feedback i€&lone model.

beneficial only if the forces rendered to users represent the

physical phenomenon with sufficient accuracy. A main factor Il. RELATED WORK
in enhancing the realism of the haptic manipulation of rigid _ . . S : .
objects and linkages is the perceived contact rigidity. As In this section, real time multi rigid body simulation meth-

demonstrated by user studies [1], [2], the perceived rt'rgidiOdS are overviewed. They are classified ipto penalty-based,
of virtual contacts can be improved through applying |arg%onstra|nt-_bqsed, and impulse-based techniques basdubqn t
odel of rigid contact that they use. Each model recognizes

forces to users upon contact. A number of applications, T
such as virtual CAD prototyping or medical simulators fo ifferent contact states and enforces constraint rigiditya

orthopedics, may benefit from improved perception of vwio&pec'ﬂc way. In partlcula_r, a colliding contact state ISagc
levels of rigidity. nized only when constraints are modeled as perfectly rigid.

Both the virtual environment simulation and the haptic Penalt.y-baseq.simulation; recpgnize tW.O contact st.ates: n
controller contribute to the perceived rigidity of the wviat cogtact, '.f a positive sg?at:ag(_)n d!stance exists beFEw edllels,
contacts. The simulation computes interaction forces tHfgfpd resting contact, if bodies interpenetrate. enalsptha

reflect the employed model of rigid body contact and th@et_hOOIS approximate constra_ints by penalizing cor_lstmmt
controller transmits them to users. In existing hapticeaesh, olations proportional to the stifiness and the damping ef th

physically-based interactions within multi rigid body tual virtual contf(;ts. G”e n_eral—purppse pgnalty—ba;%?d a"?r?tﬂrfclf
environments are generated using three real time simolatfd © computationa ylnexpensze_anh compaTlheW| '3 .
methods developed in graphics and robotics: penalty-basg'ane step integrators required in haptics. They are used In

constraint-based, and impulse-based methods many implementations, including in the haptic rendering of

This research is concerned with improving the stabilitéirtual worlds through a virtual tool [6]. However, the re-

and the perceived rigidity of contacts during the haptic m U|rement7folr stlmulatlgon .sttabllléty Im_utsl_th_et vt|rr]tual C(?EJ
nipulation of virtual rigid objects and linkages. It progss amping [7]. In tum, the virtual damping limits the mag

a simulation approach that combines constraint-based a &he penalty-based forces that arise upon contact, amdehe

penalty-based techniques. Specifically, it computes cainst the percen_/edbrlgld(;ty_of tlh © virtual worl_d. h
based impulsive forces upon contact and penalty-based an&onstralnt.- ased simu ations rgcogn_lzet ree co nt ta
friction forces during contact. The impulsive forces arel no contact, if a positive separation distance exists batwee

using a new rigid body contact model and a new pseud%c-’dieS; polliding cpntact, if the separation distance isoze
inverse based simultaneous collision resolution methed tﬁmd bodies move into each other at least at one contact; and

never increases the kinetic energy of the systefnsuitable resting contact, if the separation distance is zero andelsodi
controller transmits these forces to users maintain contact or move away from each other at all contacts
The paper starts by reviewing relevant work in real timgonstraint-based _techniques gnforce rigid. constrairm:tt;x
simulation, haptics simulation, and collision modelingdédy a-m.d prevent body mterpenetratlon_by ap.plylng |mpulse§)ht ¢
discussing the proposed approach in relation to this wonk. Tl'dmg contacts. Two types of algorithms implement coristra

new contact model is introduced in Section I, followed b)pasted te(zjchmqqes.bE\t/ent-dnveIF _schemest[8], [9]I|ntegme_
the penalty-based second order dynamics of the virtualdyorySt€m dynamics between Collision events, resolve ocmirrl
in Section IV. In Section V, the dynamics used for coIIisior‘fon'S'ons' and reset the integrator before continuingriie-

resolution are derived from these second order dynami&%ate the dynamics. Such algorithms are not directly useful

In addition, the new constraint-based simultaneous ootlis In"haptics because they require variable step size integrat
' ' there is no guaranteed completion time. Time-stappin

resolution method is shown to never increase the kineli€"

energy of the system. In Section VI, the haptic performan&ghem_es [10]'_[11] solve a time-discretization of the sylst_e
/namics that includes the impact rules and the perfediy ri

f th d hi d to that of th ) ) 4
Of Ihe proposed approach 15 comparea 1o that of the penaO%nstramts enforced at the velocity level. Such algorghm

based and the constraint-based methods through simudati ible with fixed ti but h d
Limitations imposed by the haptic device are discussed and gre compau e wit ixe time steps, but have no guarante_e
ompletion time. This is because they can avoid constraint

lutions are devised to address them. Experiments are pexdser(f

in Section VII. They demonstrate increased contact stybilid”ff (t)_nly t?{ﬁwh a:ccu:jate CO_"'S'OP detr?ctlor: a?d tr}_eoref i
during user interaction with a planar virtual environmer'u'ation otthe system dynamics at €ach contact contiguratio
change. Since there exists no a priori bound on the number

1Preliminary versions of this work were presented in [3] aa}l [ of collisions that can occur during one simulation step, the
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computation time is unpredictable. Time-stepping simoket Newton’s restitution hypothesis allows multiple collis®to
with constraint stabilization [12], [13], [14] have guateed be resolved such that the kinetic energy of the system never
completion time. However, these simulations were proven iacreases during collisions.
not increase the kinetic energy of the system only for smoothCompared to multi rigid body collision resolution meth-
convex objects undergoing perfectly plastic collisiond][1 ods developed in mechanics (see [23] for a comprehensive
Constraint-based methods developed for haptics [15], [L@&view of relevant work), the proposed technique sacrifices
model the colliding contacts between the user and the Virtusccuracy for computational efficiency. Accurate modelirig o
world only implicitly and are compatible with fixed time stepunilateral contacts requires the system dynamics to be de-
integrators. These methods are suitable for point intenact rived based on the complementarity rfuland solved us-
with virtual worlds, but their extension to rigid body irter ing numerical algorithms for complementarity problems, as
action is not straightforward [17]. Moreover, the potehtidan [24], [25], [10], [11], [14]. However, time-stepping com
haptic advantage of perfectly rigid contacts is lost beeauplementarity formulations are computationally expendive
the simulation does not compute constraint-based forcds draptics (if they require constraint stabilization) or peavto
impulses. Users perceive only penalty-like forces apptied notincrease the system kinetic energy only for perfecthgit
them by the interaction controller. collisions between smooth convex objects (if they include
Impulse-based simulations recognize two contact statesnstraint stabilization). The complementarity formigatis
no contact, if a positive separation distance exists betwesidestepped in the present approach by exactly enforcing
bodies; and colliding contact, if the separation distanee hrigid contacts only during collisions. Hence, collisionanc
tween bodies is zero. Impulse-based techniques [18] emfole rendered to users through various high frequency force
rigid constraints exactly. They implement resting contast signals (as suggested in [26]) that dissipate the same amoun
a series of micro-collisions and apply impulses to preveof energy as the computed impulses. Such force signals
body interpenetration. Impulse-based techniques yiedally may enable users to distinguish collisions between differe
acceptable results, but haptically unconvincing restimigfacts materials (such as bone-bone, bone-metal, or metal-metal)
and dry friction [19]. Furthermore, the simulation becomesnd will be investigated in upcoming work. During collisgn
computationally intensive for frequent resting contadi®][  three further simplifying assumptions are used in the prese
Regardless of the technique used for generating the virt@gproach: (i) that impulses develop at all contacts at which
environment, little haptics work exists that enhances thie pbodies move into each other (while impulses may develop
ception of rigidity through large force variations when nevat only a subset of these contacts in the complementarity
contacts arise. The earliest large force changes renderedormulation); (ii) that velocities of all points in contasatisfy
users upon contact are the “braking pulses” [20]. The bgakilNewton’s restitution law at contacts where impulses dgvelo
pulses arise from a virtual wall model with high initial cant (while only their relative velocities obey Newton'’s hypetis
damping. They are designed to dissipate the entire kineiticthe complementarity formulation); and (iii) that colbas
energy of the user's hand during point interaction withiare frictionless. These assumptions imply a particulaiagho
virtual environments. Impulsive forces are used to modef a multiple collision rule and sacrifice solution accuracy
planar collisions of rigid bodies in [21] and of linkages B2]. However, they allow collision resolution to achieve thethig
These forces satisfy Poisson’s restitution hypothesisleaat fixed speed of the haptic controller.
squares sense and their passivity is not proven.
The approach proposed herein uses a new, impulse- 1. THE CONTACT MODEL
augmented penalty contact model. Specifically, contaas ar . )
exactly enforced during collisions by impulses, and they ar 1he Proposed contact model is a dynamic model rather

enforced only approximately otherwise by penalty funcsionthan a geo_metnc one. It is used for compupng mteracuon
The approach maintains compatibility with fixed time stefPrces and impulses, based on the geometric information pro

integrators by using penalty-based numerical methodmguriyided by a collision detection algorithm that is implemehte

contact. At the same time, it improves the stability and tH8 the virtual environment. Typically, the collision detien
perceived rigidity of contacts by computing impulsive fesc algorithm decomposes each rigid object into a coIIectlo_n of
upon contact. The kinetic energy dissipated during coltisi convex polyhedra and computes conta(?ts between pairs of
depends on the restitution properties and on the geomeff§Se polyhedra [27]. For each contact, it provides a contac
of the contacts and is independent of the contact stiffind2QiNt @ penetration depth, and a contact normal direction.
and damping. The approach generalizes earlier work in [2 present approach, a contact is defined by this geometric

in two ways: it allows the energy dissipated upon contaffformation plus the contact velocity. The contact velpett
to be adjusted through the coefficient of restitution; arige relative velocity between the contacting polyhedrahat t

is suitable for rigid body simulation, as opposed to poir&ontact point. It is defined such that the no.rmal contactaigio
interaction. Compared to earlier work in [21] and [22], iegs (I-€- the component of the contact velocity along the otnta

a new contact model and Newton’s restitution hypothe3|s fOI’zm the normal contact direction, the rule states that eitther relative
collision resolution. The contact model allows transiicio displacement and relative velocity are zero and the cdnstimpulse is not
the collision state from all contact states. Thereforédr’tg)dy zero or vice versa. In the contact plane, it states that reifie tangential

. . relative velocity is zero and the friction force is in thecfion cone, or the
contactis represented more accurately (See Section tll)hm relative tangential velocity is nonzero and the frictiomci® is on the friction

simulation can account for device limitations (see Sectin cone.
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normal direction) is negative if the polyhedra move intokeac I @F +J . @F+T (@F.],
other.

As in [28], two rigid bodies are said to be in the same 0. @F 4T (QF+](QF,
contact groupf there exists a chain of contacting moving rigid
bodies between them. The rigid body contact model proposed
in this paper has three states (whose designation follo@3:[2
free motion, colliding contact, and resting contact. A digi
body is said to be ifiree motionif it has no contacts. A rigid V' (@F +T . (@F. ] (@F,],
body is said to be ircolliding contactif at least one new
contact with negative normal contact velocity exists withs
contact group. Finally, a rigid body is said to be rsting
contactif it is neither in free motion nor in colliding contact
(i.e., the body can have non-zero acceleration and velocity
during resting contact). In a haptic simulation, bodies may

remain in colliding contact for multiple consecutive simtibn This work considers the case in which users manipulate
steps because new contacts may appear at every step.  poth virtual objects and virtual linkages (called virtuabls

The collision state of the proposed rigid body contact modgkreafter). Realistic forces during these types of intevac
is introduced to emphasize new contacts. However, used in gin pe computed by representing the virtual world dynamics
rect conjunction with typical collision detection algdmits, the i ejther Cartesian space or in configuration space. In €arte
model may emphasize numerical artifacts rather than paysigpace, a number of constraint equations must be added to
phenomena. Consider, for example, the case of a virtual baHjaintain the bilateral constraints and the simulation nmtst
socket joint. Depending on the object representation used frate a computationally expensive differential algebsgistem
collision detection, either a polyhedron with a large numbgt equations for which constraint satisfaction may be prob-
of faces approximates the ball and a large number of conviegtatic [9]. In configuration space, the bilateral constisi
polyhedra compose the concave socket, or several timmgd empedded in the coordinate representation. In this case
NURBS approximate the ball and the socket. Furthermorgnly a reduced number of coordinates must be integrated and
body contact is represented through a finite number of c&\tagjjateral constraint satisfaction is guaranteed. Virtobjects
between the convex pieces composing the ball and the sockgld virtual linkages become points evolving in this spaa an
When the ball rolls in the socket and the convex pieces je indistinguishable. Therefore, configuration spacedyios
contact change, most collision detection algorithms fail tyre used in the proposed simulation to compute the interzti
maintain contact continuity and report a large number @fetween the user and the virtual world.
easily forming and breaking contacts. If these contacts aregjnce pilateral constraints are incorporated in the coatgi

used directly in the proposed rigid body contact model, thgyresentation, only contact and user applied forces maist b
ball-socket joint will frequently switch to colliding coatt jncjded in the dynamics equations. Consider a contactgrou

instead of maintaining resting contact. Unless this atifa yiih 4 degrees of freedom (DOF) andresting contacts. In
eliminated, it will be emphasized by the proposed rigid bOdé’onfiguration space, its dynamidsre:
contact model (as well as by any other contact model that

F,

Fig. 1. Example contact and hand forces arising during thmicananipu-
lation of a contact group with dynamics computed in configaraspace.

IV. RESTING CONTACT

distinguishes a collision state upon contact) and the sl ) ) ‘Lo .’
of the interaction may be destroyed. D(q)§+B(q.4)+G(q) =Y J/ (@) Fi+Jj} (q) Fy.
Two steps are used in the present approach to eliminate i=1 1)

this numerical artifact. First, sufficiently close contaare

) , . . In (1), D R s the configuration space inertia matrix
collapsed into a single contact using clustering [27]. B€go (1), D(q) € 9 b

e . >~ of the contact groupB (¢,q) € R" represent Coriolis and
the temporal coherence of the remaining contacts is maigdai centripetal effects@@ (q) € R? are the gravitational terms,

using spatial coherence. In other words, contacts exisiing ,{q) € R is the manipulator Jacobian computed at the

. . . 7
two consecutive time steps are considered the same COHE]‘?I contact,F; € Rs is the Cartesian space contact force at

. Ve ° cons| i
if they are within a pre-specified distance of each Oth%ez‘-th contact.J, (q) € R**0 is the manipulator Jacobian

Time coherence breaks down if the virtual objects movéeomputed at the user's hand, € R® is the Cartesian

more than the pre_—spe_cmed distance during one simulati ace generalized force (force and torque) applied by the us
step. Therefore, this distance must be chosen based oné gq c R% g € RY andg € R are the configuration

maximum speed of the virtual object motion and the time Stes?)ace positions, velocities, and accelerations, resmégisee
of the simulation. Figure 1) ' ' '
The proposed rigid body contact model combines approx- )

imate and exact constraint enforcement during resting an.ahc the contact group consists of both virtual objects and

L : . : virtual linkages, the matrices and vectors in (1) are oleigin
colliding contact, respectively. Hence, it requires pgrbhsed : . :

. . : . by concatenating the matrices and vectors corresponding to
resting contact dynamics and constraint-based colliséso-

lution. The numerical methods used to resolve resting cbnta , _ _ - _ _
ote that the implementation of (1) limits the complexitythé linkages

dynal‘m'cs are presenteq in the _neXt SeCt'On_- The propo can be manipulated. However, it does not limit usergitylbo manipulate
multiple collision resolution technique follows in Secti®/. linkages using the proposed approach.
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each object and linkage. For example: V. COLLISION RESOLUTION

_ 2 The colliding contact state is introduced in the proposed
q" = (a, ) ) . e I
approach to improve the penalty-based approximation of un-
and: yielding contacts. In conjunction with the fixed step size of
D, (q;) -+ 0 the haptic simulation, this state requires multiple clis to
D(q) = : . (3) be resolved simultaneously. Rather than incorporatingamn
: rigidity and dry friction into a complementarity formulati,
0 <o Dy (gm) L .
the proposed approach uses three simplifying assumptions:
In (3), m is the total number of virtual objects and virtuali) that impulses develop at all contacts at which bodies
linkages and the configuration space dynamics of a virtuamlove into each other during a collision; (ii) that velocitie
rigid body are the same as its Cartesian space dynamics. of all points in contact obey Newton’s restitution law at
The contact forces in (1) have a componéht; along the contacts at which impulses develop; and (iii) that collsio
contact normal directiom;, modeling contact rigidity, and are frictionless. Unlike more accurate multiple collisiorod-
a componentt; ; along the directiont; (orthogonal to the els [24], [32], [25], this new technique is non-iterativénig is

contact normal), modeling dry friction: advantageous in haptics, because of the hard limits imposed
by the force controller on computation times. Unlike the
Fi = Fyini + Fyiti. (4 model in [14], it makes no assumption about the coefficient

f restitution or the shape of the colliding objects.

In the proposed approach, resting contact is enforced usi - . . .
penalties. Hence, the normal component of the contact for_cgrhe colliding contact dynamics are obtained through time

at thei-th contact is computed by: integration of (1):

c t c
Fn,i = _Kcontactsi (Q) - Bcontact“nJ (Q) . (5) Dq = qu + Z/ JzTFldt = DqO + Z Jszl (8)
i—1 Y to i=1
In (5), Kcontact @nd Beoniact are the contact stiffness and ' '

damping, s; is the separation between bodies at contal? ,(8)’ Dq, and Dq are the pre-tand pqst-coll?smn configu-
(because bodies overlap; is negative and equal to the'@tion space momenta ang = [, Fdi is thei-th contact

penetration depth of the contact), ang; is the normal contac

¢ impulse. Since the collision is modeled as an instantaneous
velocity. Dry friction is modeled using a modified Coulomi£Vent. i-e.t = to, the hand and gravitational forces do not

model. Hence, the tangential component of the contact fore@ntribute impulses to the impulse and momentum balance of
at thei-th contact is computed by: the system. Furthermore, apart fr_om the collision impylees
other external impulses are applied to the contact group.
o= ’ an,i it |vg,il > Vthreshold ©6) In addition, collisions are assumed frictionless, ig.,=
£i = i F otherwise ' pim;i, With p; being the magnitude of thieth contact impulse.
Then, the configuration space dynamics of colliding contact
become:

VUthreshold

In (6), p is the coefficient of dry friction for the pair of

contacting bodies ang ; is the tangential contact velocity (the

component of the contact velocity orthogonal to the contact

normal direction). The threshold valugy,,.sn.iq allows the

contact to transition between the stick and the slip frictio

states. Any friction model that employs only vertex conta¢h (9), p = (p1...p; .. .pc)T is the vector of contact im-

state information can replace the model in (6), such as [%Ises and7, = [Jle I, --Jznc]T. For a contact

or [31]. ) o group withd DOF andc colliding contacts, (9) represents a
As shown by (5) and (6), only state information is used iget of ¢ equations withd + ¢ unknowns, the post-collision

the proposed simulation to compute contact forces. Thegefoggnfiguration space velocity and the contact impulses.

(1) can be directly solved for the configuration space accelgrther assumptions are needed to solve such a system [23].

Dq=Dgy+» Jinipi=Dgy+ I p. (9
i=1

ation: These assumptions are provided by the various collisiors law
c proposed in the literature [24], [32], or [25]. To allow the
g=D""! (Z JI'F, +J[F, - B - G> . (7) development of a non-iterative solution, Newton’s resitit
i=1 hypothesis is used in this work. Furthermore, the method is

In (7), the dependence on the instantaneous state of R{Pven to never increase the kinetic energy of the contact
terms on the right hand side of the equation is implied. THEOUP.
configuration space acceleration is then integrated usiixga. ~ FOr one colliding contact, Newton’s restitution hypotisesi
step size integrator compatible with the requirements ef thelates the pre-collisionuo) and post-collision4;,) normal
haptic control loop. contact velocities through the coefficient of restitutian

While the resting contact dynamics discussed in this sectio
are typical for penalty-based simulations, the dynamiasobf
liding contact implement a constraint-based approachs&heThe coefficient of restitutior: € [0,1] describes the nature
dynamics are presented in the next section. of the collision, withe = 1 corresponding to a perfectly

Up = —€Upo. (10)
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elastic collision (no energy loss), ard= 0 corresponding
to a perfectly plastic collision.

In configuration space, (10) becomes: q%v/\
nTJbiq = —enTJbqu (11) ('12( / \ B §>
at a collision between body of the contact group and a static EO.Sm
environment, and: )
A 9
nT(Jbl.7Jb].)q:7€’n,T(Jbi7Jb].)q0 (12) %> (
0.7m

at a self-collision, i.e., a collision between bodigsandb; of 4oy |
the contact group. A more restrictive condition is imposed a “

a self-collision in the proposed approach. Namely, the sgco
simplifying assumption is imposed on the contact group by
requiring it to obey:

nTJbiq — fenTJbiqo (13) (a) Collision at A. (b) Collision at B.
and: Fig. 2. Two link planar manipulator whose loss of kinetic rgyefor various
T T = Lo S .
n ij g=—en ijQO (14) values of the coefficient of restitution is shown in Figureo two different

contact geometries.
simultaneously. (13) and (14) ensure both that Newton'’s
restitution law is observed and that the proposed collision »
resolution technique maintains system passivity, as shawnwhere 7, = Diljzﬂ chfljZﬂ is the dynamically
subsequent derivations. Using Equations (11), (13), aAl (1consistent inverse aff . [33].

Newton’s restitution law is restated as: The proof of Theorem 1 is presented in Appendix .
. . Notes:
c = — c . 15 . . H
T4 ¢J edy (15) As shown in Appendix |, the contact impulse due to one

(15) represents a set efequations, where self-collisions arecollision is:
counted once on each colliding body. Note also that the equal Lo\t .
sign in (15) embeds the first simplifying assumption used in p=—(1+e) (~7ch Jc) T qo- (19)
this work for resolving collisions. . . . Lo

In the proposed simulation method, (9) and (15) describe tﬁQ'S impulse IS equal to th_e contactimpulse compu.ted Irprio
dynamics of colliding contact of a contact group wittDOF complementanty formulat.|ons [24,']' Hence, the simpliyin )
andc simultaneous collisions. Their resolution and the proof gissumptions embedded in (15) involve no further approxi-

the system passivity for both independent and overdet«aminir{Eat'on for tge CI?S_G of a SI'”Q'e CO"'E'ZQ cont?]ct.dMoreo_ver,
constraints are presented next, followed by the techniged uthe Proposed coflision reso ‘4“_0” met 0d USes t_e_ y_nalyuca
to render collisions to USers. consistent inverse of the collision Jacobian, i.e., it igrdinate

invariant.

Kinetic energy is conserved during a perfectly elastic col-
lision (¢ = 1). The loss of kinetic energy during a plastic

This section starts by showing that a contact group with owrellision (e < 1) depends both on contact properties, as given
frictionless contact is passive if its colliding contacthdynics by the coefficient of restitution, and on contact geometry and
are resolved using Newton's hypothesis. The result is théme contact group topology and geometry, embedded in
extended to a contact group with multiple independent mistaFor example, various contact group topologies and geoesetri
for which (15) is used to ensure that Newton’s collision lawind various contact geometries result in either a total or a

A. Independent constraints

is obeyed. partial loss of kinetic energy during a plastic collisiorwd
Passivity of a contact group with a single colliding contagxamples of how the loss of kinetic energy during a frictess|
is shown by proving that: collision varies with the coefficient of restitution are depd
Theorem 1:If a contact group described by the momenturim Figure 3 for two different contact geometries of the two
equation: link planar manipulator depicted in Figure 2. The manipadat
Dq = Dgq, + JCTp has link lengthsl; = I = 1m, link masse¥n1 = my =
has one frictionless colliding contact and the post-doltis 1kg, configuration space positiop = (% 0) raci, and pre-
normal contact velocity is given by: collision configuration space velocity, = (1 1) rad/s.
The collision resolution method employed for one colliding
Un = —€Uno, contact can be directly applied to resolve multiple cadiis

is the coefficient of restitution, then the post_simultaneously if the contact constraints are independent
J . is full row rank, and (15) is imposed to ensure that the
post-collision configuration space velocity obeys Newddry-
KE=KFEy— (1-¢?) q‘OTJCT?CTDFCJCq'O < KFE, (18) pothesis. ThenJ . is full row rank and the matrixy . D' 7"

wheree € [0,1]
collision kinetic energy of the contact group is:
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From (33), it also follows that:

Pre- and post-collision kinetic energy Pre- and post-collision kinetic energy
L I . . 1 4T 1 4T t .
. ¢ = d-(+e)D 7! (7.07'TT) Tedy =
— — — KE
3 §4 L% . 1 7T T\ o
= 4o (14+0) DT (F.D7TT)  Tud25)
o o
Yol [—KE w, In other words, the post-collision state of the contact grizu
1 ° 1 the same regardless whether the collisions are resolved usi
0 0 the pseudo-inverse technique or constraint overdetemjna
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 . P . .
e e is eliminated before collision resolution. Hence, the pkeu
inverse method is equivalent to selecting a set of indepgnde
(a) Collision at A. (b) Collision at B. constraints and simultaneously resolving the collisiaritaese

contacts as described in Section V-A.
Fig. 3. Loss of kinetic energy of the planar two link manigatain Figure 2
during one frictionless collision for two different contageometries. ] o

C. Rendering collisions to the user

The contact impulses are rendered to the user as impulsive

is invertible (see the Appendix for proof). forces through a four channel teleoperation controllel.[Bée
configuration space impulsive forces to be applied to thesise
hand are computed such that they induce the same change in
the configuration space momentum of the contact group when

If the contact constraints are overdetermingfl, is rank integrated over one time step of the haptic simulation:

B. Overdetermined constraints

deficient and the matriUCD”JCT is not invertible. Nev- I'p
ertheless, its pseudo-inver¢ef D' J ! T can be used to Feny = Act : (26)
compute the contact impulses, and the post-collision confign (26), At is the haptic time step ang are the contact
ration space velocity according to: impulses, computed according to (19) and (20).
i
p = —(1+e) (‘7ch]33) T cdy (20) VI. SIMULATIONS

In this section, the performance of the proposed simulation
approach is compared to the performance of the penaltydbase
and constraint-based approaches through simulation af use
fhteraction within a planar virtual environment. The liatibns

fcr%r::ttrsén;zlIr:;ic:vetcri]es(;r;rét:‘:gneously according to (21)ltes of the haptic device are considered and a solution is prapose
9 ' to address them.

The_orem 2:1f a contact group described by the momentum Note that, although suitable for rigid body interactionhvirit
equation: spatial virtual environments, the impulse-augmented ipena
D¢ = D4, + J/p, based approach is validated only for 3 DQFy, ) rigid body
. - . _interaction within a planar virtual world in the present Wwor
has ¢ overdetermined frictionless colliding contacts and $his is due to the availability of only planafy, F,, 7.) and
post-collision configuration space velocity is given by: point (,, F,, F.) haptic interaction systems in ;lhe Robotics
TG = —eT .4, and Control Laboratory. Interfaces without torque feedtbac
(such as 3 DOF point interaction devices) are unsuitable for

wheree € [0,1] is the coefficient of restitution, then the postimplementing the proposed approach. A device such as the

T
§ = dy—(1+e)D' T (T.D7'T!) Tedy(21)

Passivity of a contact group with overdetermined collidin

collision kinetic energy of the contact group is: Phantom Premium 6DOF, with full torque feedback would be
necessary. To guarantee that the kinetic energy of thesuser’
KE=KEy— (1- 62) q'oTJZ?:D?ando < KEj. hand will not increase during collisions as a result of the

(24) impulsive feedback, full rigid body force and torque feecka

In (24), T = Dfljz (JanJZ) is the dynamically is required ¢, Fy T: durlng plana( interaction an_Ez, F,,
F., m,, 7y, T, during spatial interaction). Unstable interaction

consistent inverse of7,, and J! = [J} JI]T with  may arise due to the lack of torque feedback.

J »full row rank. Figure 4 depicts the virtual environment employed in the
The proof of Theorem 2 is presented in Appendix . simulations. Users manipulate a rectangular peg by apply-
Notes: ing forces and torques at its center of mass. The virtual

Similar to the case of independent constraints, the losswbrld is connected to the haptic interface through a uni-
kinetic energy depends both on contact properties, thrélugh lateral coupler [15], [9] when generated using a constraint
coefficient of restitutiore, and on contact group topology andbased approach, and through a four-channel teleoperation
geometry and contact geometry, through,. Kinetic energy controller [34] when generated using the proposed and the
is conserved during perfectly elastic collisiores= 1). penalty-based approaches. The unilateral coupler extends
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Fig. 4. Planar virtual world used in simulations and experits. Starting
from rest and the position shown, the rectangular objectushed into the
lower right corner by a controlled constant force.

Fig. 6. The impedance device modeled in the simulationsigsibction and
employed in the experiments described in Section VII.

Fh 1 Hand
+x- ms | position
the corner with a forcé”, = (—0.32N  0.4N ONm)T. This

ZOH | B,z'+K,, simple interaction is chosen to illustrate the proposeda@ggh
both because it can be validated experimentally and because
the constraints are overdetermined. The peg has dimensions
Iy = 0.02lm andl, = 0.0105m, massm = 2kg, and
moment of inertial = 0.005kgm?. The virtual walls have
stiffness Koy = 1000N/m and dampingB,.;; = 50N/(m/s).
(a) Simulink diagram of the unilateral coupler. Collisions are considered perfectly plastie & 0). The
stiffness and damping of the position coordination chamnel
o . 1 Hand of the teleoperation_controller connecting the proposgd an
1 e mﬁn the penalty-based virtual environments and of the ungéter
coupler connecting the constraint-based virtual worldhe t
device are given in Table I. The parameters of the teleojperat
controller are optimized for transparency [34], while thax
the unilateral coupler are chosen to match the impedance of
the virtual contacts. To match the planar interface used for
experiments, the haptic device is modeled as an impedance
device. Furthermore, it is considered to have purely iakrti
dynamics and to be kinematically equivalent to the proxy, i.
(b) Simulink diagram of the four channel controller. the local device controller is not modeled. The user’s hand
is modeled as a pure force source, which is a worst-case
Fig. 5. Simulink diagrams of the controllers connecting taptic device gcenario for stability when an impedance device is used [35]
and the virtual environment. Controller parameters arergiv Table I. (see Figure 6 for a photo of the impedance device used in
the experiments described in Section VII and modeled in the
simulations in this section).

In the first set of simulations, it is assumed that the device
actuators can apply the impulse-augmented penalty interac

positions of the device and the virtual tool during consteai tionS computed by the proposed simulation and reflected to
motion (Figure 5(a)). The unilateral coupler is inactiveidg the device by the four channel teleoperation controllere Th

free motion. Hence, it acts as two unilateral spring-dampisulting hand trajectories are depicted in Figure 7 and the
pairs between the device and the virtual tool, one tramsiati [0rces that would be felt by the user are shown in Figure 8.
and one rotational. The teleoperation controller (Figui®)s Flgu_re 7 demonstr_ates that the hand _trajectory is closer to
has two position channels and two force channels. The tA¥ ideal hand trajectory when users interact with a world
position coordination channels form a PD controller th&€nerated using the proposed approach than when theydntera
acts as two spring-damper pairs (one translational and dffth @ penalty-based or a constraint-based virtual envirent.
rotational) between the device and the virtual tool. The twb€ user-perceived forces are closer to the ideal forces, to
force channels are used to apply the hand fofgeto the Users feel large forces when new contacts arise (see Figure 8

virtual tool and the environment forde.,,,, to the user's hand. @nd they feel forces that only balance the low hand force
F, = (—0.32N 04N ONm)  during contact. Note that

In the simulations, the user pushes the virtual peg towarg§ile the large impulsive forces improve the perception of
rigidity [1], [2], they may exceed the force capabilitiestbe
4However, since it is not clear how the god-object and theualrproxy device.

simulations can be extended to rigid body interaction, thtual world is S | hni b d for the limisati
evolved using forward dynamics algorithms similar to thakeloped in everal techniques can be used to account for the limigtion

graphics [8]. of the haptic interface in the proposed approach:

Virtual tool
position

Fenv 2
mz

| _Coordination
)

B, .2 +K
foCC coord’ coord

Virtual tool

Fenv 2
E— mz

position

rigid body interaction the controller used in the god-ob[&8]
and the virtual proxy [9] point interaction technigfest is
a proportional derivative (PD) controller that coordirathe
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TABLE |
STIFFNESS AND DAMPING OF THE COORDINATION CONTROLLER AND THE/NILATERAL COUPLER CONNECTING THE VIRTUAL ENVIRONMENT TO THE
HAPTIC INTERFACE

Four channel Controller

Unilateral coupler

K.oora = (100N/m  100N/m  0.5N/rad)”
B.oora = (TON/(m/s) 70N/(m/s) 0.375N/(rad/s)”

K., = (1000N/m  1000N/m  2.5N/rad)”
B, = (50N/(m/s) 50N/(m/s) 0.125N/(rad/s)”

-3 .
Hand trajectory x10 Hand rotation

N

E §
£ 166 =t
2 -2 .
S o e
165 -3 — ideal
IAPB
164 -4 — PB
. _CB
162 _5 o uc
23, -2 -1, -1 -0. 03 04 05 06 07 08
5 X mm] 5 fne [sec]
(@) (b)

Fig. 7. Simulated hand trajectories obtained when comdttesised (“ideal”),

impulse-augmented penalty-based (“IAPB”), and penadtyed (“PB”) in-

teractions are transmitted to users by the four channelraer and

when constraint-based interactions are transmitted byuttiateral coupler
(“CByc"). The device applies the simulated impulses to users in siap.

Note that the hand trajectory is closest to the ideal trajgcivhen the virtual
world is generated using the proposed approach and theatedulorces are
transmitted to users by a four channel controller.

Forces on hand along the x axis

Torques on hand

— ideal
co |IAPB

A — PB

| . CB
i uc

—0.05|
_1026 028 03 032 .0.34 0.36 700132 0.33 0.34  0.35 0.36 0.37

. : ~otmeTs] . : . ) time[s] :

(@) (b)

Fig. 8. Simulated forces along the x-axis and torques agpteusers by
the four channel controller when the virtual world is gemedausing the
constraint-based (“ideal”), the impulse-augmented pe+sed (“IAPB”),

and the penalty-based (“PB”) methods, and applied by thiatenal coupler
when the virtual environment is generated using the canstbased method
(“CBy.c"). The device applies the simulated impulses to users instefe Note
the large collision impulses applied to users by the foumake& controller
when the virtual world is generated using the proposed @gpro

the kinematic correspondence between the two can be
changed significantly, depending on the system dynamics.
Post-collision kinematic correspondence is re-estadtish
through the position coordination channel of the four
channel controller. This channel is much more compliant
than the contact.

« Collision impulses can be scaled in the simulation. When
this strategy is used, the simulation computes collision
impulses according to (20) and scales them to the max-
imum value achievable through device actuation. The
scaled impulses are applied to the virtual tool and sent to
the four channel controller. As a result, the same amount
of kinetic energy is extracted from the virtual tool and
the device during collision and their kinematic correspon-
dence is maintained, but the simulation is altered.

« Collision impulses can be spread over several steps of
the simulation. When this strategy is used, the simu-
lation scales the collision impulses as explained above.
However, the colliding bodies do not transition to resting
contact if scaling is necessary. Rather, they transition
back to colliding contact and new collision impulses are
computed at each step of the simulation until the force
levels return to the range of the haptic device. As a
result, the amount of kinetic energy extracted from the
virtual tool and the device at each simulation step is the
maximum allowable by the actuators, while the amount
extracted over several steps is equal to that prescribed by
(24). Furthermore, the kinematic correspondence between
the virtual tool and the device is preserved.

Simulated hand trajectories obtained by using these tech-
nigues (assuming that the maximum force capability of the
device is Fiimir = (15N 15N 1Nm)T) are presented in
Figure 9. In this figure, “p,;” is the trajectory obtained when
the device can fully apply the simulated collision impulses
“Psaturated” 1S Obtained when collision impulses are saturated
on the device, “p.aieq” IS Obtained when collision impulses
are scaled in the virtual environment, and,g,q" is obtained
when collision impulses are spread over several steps of
the simulation. The hand trajectory degrades as the force

« Collision impulses can be saturated on the device. Wheapabilities of the device decrease. The loss of performanc
this strategy is used, the simulation computes collisida highest if the interaction forces are saturated on thécdev
impulses according to (20) and sends them to the folr this case, full collision impulses are applied to the waitt
channel controller according to (26). The controller thetool which stops abruptly and only limited forces are applie
saturates the impulses to the maximum value that the the user’'s hand, which continues to move. After collision
actuators can apply to the device. Hence, full collisiothe user’s hand is coordinated with the virtual tool throtiuh
impulses are applied to the virtual tool in the simulatiofour channel teleoperation controller, whose stiffnéss, .4
and saturated impulses are applied to the device. Asaad dampingB.,..¢ are much lower than those of the virtual
result, different amounts of kinetic energy are extractegalls, K,,,; and B,,;;- Hence, constraint violation is largest
from the virtual tool and the device during collision andind settling time increases (transient response is pQondst
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5X 10° Hand rotation [ ___ jgeal 169 l-i.aand;trajeclory i X 107 Hand rotation
169 Hand trajectory . — P - o — ideal
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Fig. 10. Simulated hand trajectories obtained when canstbased (“ideal”),
impulse-augmented penalty-based (“IAPB”), and penaityed (“PB”) in-
teractions are transmitted to users by a four channel derrand when
constraint-based interactions are transmitted to usera bgilateral coupler
(“CBy."). Collision impulses computed using the proposed methredspread
over several simulation steps when necessary. Note thdtathe trajectory is
closest to the ideal trajectory during the interaction veititmpulse-augmented
penalty-based virtual world regardless of the limitatimishe device.

Fig. 9. Simulated hand trajectories during user interactigth the impulse-
augmented penalty-based virtual world when the deviceddiions are ignored
and when they are taken into account (“ideal” - full constirdiased collision
impulses are applied to users;/p;” - full collision impulses are applied to
USErs; “Raturated - COllision impulses are saturated on the device;.Req”

- collision impulses are scaled in the virtual environmetfy,,cqq" -
collision impulses are spread over several simulationssteipen necessary).
Note that device limitations are overcome best by spreadhieg collision
impulses over several time steps. Hence, this is the teabniged to address

device limitations in subsequent simulations and expertme
Torques on hand

0.1,

— ideal
- |IAPB

oost | { —

loss of performance due to limited force capabilities of th
haptic interface is diminished most by spreading the doliis _
impulses over several steps of the simulation. Therefdis, t .~
technique is used to overcome device force limitations &t *
following simulations and experiments. 0
Both scaling and spreading of collision impulses are equi 15 o2 o3 032,03 03 Otz o33 03 03 036 0
alent to adapting the coefficient of restitution to the devic
capabilities. As a result of this adaptation, the effectiee
efficient of restitution may be negative and the post-doltis
norma_l contact velocities may_ b_e negaﬂvg (i.e., bodies M@Y. 11. Simulated forces and torques applied to users byotiechannel
move into each other after collision resolution). Nevelghg, controller when the virtual world is generated using the strint-based
the passivity of the proposed collision resolution methed §{idea’), the impulse-augmented penalty-based (“IAPBi)d the penalty-
P Y prop . .. T ased (“PB”) methods, and applied by the unilateral couplten the
not affected by an adap_m_ve quﬁlplent of restitution. (2 rtual environment is generated using the constrainethasethod (“CB.)".
shows that the post-collision kinetic energy of the systenullision impulses computed using the proposed techniqeespread over
is at most equal to its pre-collision kinetic energy for an veral simulation steps when necessary. Note that, thioughd, the forces
. . . pplied to users upon collision are still larger than theaftgrbased forces.
€ [-1,1]. Hence, adapting the coefficient of restitution to

the device capabilities does not influence the stabilityhef t

haptic interaction. itations. Both the haptic and the visual performance of the

As thg force c_apabilities of the haptic interface decreaq ulse-augmented penalty-based virtual world is bettant
th_e _hgpnc and visual perfgrmance of the proposed approggll; of the penalty-based world. In addition, the percdptua
d_|m|n|s_hes. Foe = -1, the |mpulse-augm¢nted penalty'pasegdvantage obtained by applying abrupt forces to the user’s
simulation reduces to a penalty-based simulation. Thei®ap{,ng ynon contact is maintained, since the forces and terque
performance reduction can be seen by comparing Figures gy - isers are larger when they interact with the proposed

and 7. In Figure 10, it is assumed that the device can applygt, jation than when they interact with the penalty-baseel o
most F;mie = (15N 15N INm) "~ and collision impulses (see Figure 11).

are spread over more time steps when necessary. In Figure 7,
it is assumed that the device can fully apply the collision
impulses to the user’s hand. The hand trajectories reptiagen
interactions with the impulse-augmented penalty-basetl an In this section, the performance of the proposed approach is
penalties-only virtual environments are closer to eaclemih evaluated against that of the penalty-based approachghrou
Figure 10 than they are in Figure 7. The visual performanegperiments carried out on a virtual environment systeneldev
diminishes correspondingly, as the virtual tool penetrdte oped in the Robotics and Control Laboratory at the Universit
constraints deeper when spreading is required than when tfieBritish Columbia. The evaluation is performed using the
device can fully apply the collision impulses. Neverthelessame controlled interaction and the same system setup as
constraint penetration is smaller in the proposed simadatiin Section VI. Therefore, the forces felt by users during
than in the penalty-based one regardless of the device ligxperiments can be compared to those predicted through

T[Nm]
o

-0.05

(@) (b)

VIl. EXPERIMENTS
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Fig. 12. Experimental device trajectories during conéwllinteraction

with impulse-augmented penalty-based and penalty vinvalds (“IAPB”
- impulse-augmented penalty-based world, full collisiompulses applied to
the device; “IAPB LM" - impulse-augmented penalty-basedrldiolimited
collision impulses applied to the device; “PB” - penalty Vd)r Note that the
peg bounces less and settles into the corner faster whenrthal world is

~“[— 1APB VE
-~ IAPBLM VE
---- PBVE

— IAPB VE
-~ IAPB LM VE
---- PBVE

200 |

0.35
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0.3 0.35

tlme[seg]4 045

0.4 05
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Fig. 13. Forces and torques applied to the device duringaited interaction
with impulse-augmented penalty-based and penalty visalds (“IAPB” -
impulse-augmented penalty-based world, full collisionpiises applied to
the device; “IAPB LM" - impulse-augmented penalty-basedrldolimited
collision impulses applied to the device; “PB” - penalty Wr Note the
large impulses upon collision and the faster settling offieg into the corner
during the interaction with the proposed world.

generated using the proposed approach.

simulations. The system comprises a planar haptic interfagenalty-based world decreases when collision impulses are
a testbed virtual environment, a controller that coordinatapplied over several steps in order to meet the device revgler
both forces and positions between the haptic interface laed £apabilities (the maximum force that the device can apply
virtual environment, and a graphical display. Hand forces ais chosen to beF;,; = (15N 15N le)T for this
not directly measurable. They are computed using a systéxperiment). A device that can apply only limited forces and
state observer, the accurate dynamic model of the devit@gues dissipates less energy upon impact than that peedic
as well as the measured joint angles and applied actudyrthe chosen coefficient of restitution. However, it dissgs
torques, as detailed in [34]. A 700MHz Pentium |l persondhore energy than during penalty-based interaction. Magov
computer running VxWorks is used to implement the virtudhe perceptual advantage of large force transitions upotaco
world simulation and the device and coordination contrslleis maintained. Though limited, the impulsive forces reeder
at a haptic sampling rate of 512Hz. A Pentium IV person&b the user are much larger than the penalty-based contact
computer running Windows 2000 displays the virtual enviroriorces (see Figure 13).
ment using information received from the haptics engine viaIncreased virtual wall damping would also result in larger
a UDP connection at an average rate of 30Hz. force transitions upon impact and less bouncing, i.e., more
To ensure the same initial conditions and the same “usetable contact. However, the virtual damping is limited bg t
during all experiments, the user’s hand is replaced withra cgphysical damping, the virtual wall stiffness, and the siatioh
stant force (Figure 4). Since the haptic device is an impeelanstep during 1 DOF interaction with a virtual wall [7]. The
type interface, elimination of the adaptive hand dampingrtual damping may also be limited by geometry during rigid
represents a worst case for stability. Figures 12 and 1Zptesbody interaction. Guidelines for choosing it without caugsi
the results obtained when the virtual environment is géadrainstability are not available presently. Hence, only liqit
using both a penalty and the proposed simulation. improvements in the perceived rigidity of the virtual cariga
Figure 12 demonstrates increased contact stability in theuld be achieved through increasing the virtual damping if
impulse-augmented penalty-based virtual world compaoed the virtual wall stiffness is large (as needed for a convigly
the penalty-based one. The peg settles into the corner fasigid resting contacts) and the physical damping is small (a
and bounces less when collision impulses are applied to theeded for imperceptible device dynamics). On the othed han
device. As shown in [20], the impulsive “braking” forceshe impulsive forces provide a physically-based technigue
amount to increasing the damping gain in the device toemhancing the realism of the interaction that does not asae
very large value only upon penetration into the constrairthe kinetic energy of the simulated environment and is bahit
Sustained damping of equivalent gain while the interface @y by the device capabilities.
within the constraint would cause the system to be stable.The controlled experiment presented in this section demon-
Hence, a stiff implementation of a rigid corner augmentesirates the increased stability and perceived rigidityrgflse-
with impulsive forces upon constraint penetration impsveaugmented penalty-based rigid body contacts compared to
performance because it generates a trajectory that isrdiosepenalty-based rigid body contacts. Nonetheless, the eleamp
the trajectory imposed by a real rigid corner. Alternatjyel interaction is simple and does not illustrate the compormati
a conventional stiff implementation of a rigid corner woulgerformance of the proposed approach during spatial (6 DOF)
approach the ideal trajectory only through increased gaimgjid body interactions. In this example, at most six cadiis
This would result in a lower stability margin. have been resolved simultaneously (they occur when the user
As expected, the performance of the impulse-augmentiederts the peg into the tight fitting hole at the top of the
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virtual world depicted in Figure 4) and collision resolutio whereT is thed x d identity matrix.

has not been a limiting factar Therefore, intensive further Next it is shown that:

tests are needed to validate the feasibility of the approach — =T —

for 6 DOF manipulations in cluttered virtual environments. DITe=T: T DITc=0. (29)
These tests must illustrate whether the pseudo-inversitreo Indeed, using the definition of the dynamically consistent
square matrix7. D' J! meets the speed required by thénverse of 7. and the symmetry of the inertia matrix:

haptic controller during interactions involving a largenmuoer

- T —
of simultaneous collisions. DI .J.~JI'T.DT.T.=
VIII. CONCLUSIONS - DD g7’ (chquﬂ)” T
The simulation approach proposed in this paper improves CNT
the stability and the perceived rigidity of contacts during Jr (Dlch (JCD”JCT) ) DD !

haptic interaction with multi rigid body virtual worlds. &h .
approach is based on a new model of rigid body contact that jZ’ (‘761)*1‘_72”) T. =
assumes infinite stiffness upon contact and limited stif$ne

during contact. The infinite stiffness upon contact is reade 1 T
to users through impulsive forces, while the limited sefis = J! (JCDAJZ) T.—TJ! (Jchl..’TZ’)
during contact is rendered through penalty forces. The impu T o

sive forces are computed using a new simultaneous collision J.D " J. (JcD Jc) Je=

resolution method that never increases the kinetic energy

of the multi rigid body virtual world. When new contacts  _ 7 (j DAJT) -1 7. _ g7 (j D71JT)”
arise, the impulsive forces generate large hand accelemti ¢ ¢ ¢ ¢ ¢ ¢ ¢
without requiring increased contact stiffness and dampiihg J.D'g" (JCD*] JZ) -1 7. -0 (30)

performance of the proposed approach is compared with that

of existing haptic methods for virtual environment genierat 1o\ T 17\ ! _r
Simulations and controlled experiments demonstrate ingato In (30), (JcD JC) o (JCD JC) and D" =

contact stability in a planar virtual world. D™ since they are symmetric. Furthermore:
Future work will investigate the numerical performance of _ =T T
the proposed collision resolution method during spatial (6 (DJCJC -J. T, DJCJC) =
e . . . . o
DOF) rigid body manipulations. Extensions of the method to _ JZ“JC D JZJC DT.J.=0. 31)

simultaneous impacts with different coefficients of resiitn
and the incorporation of dry friction in the collision respe Then, the post-collision kinetic energy of the system is be
will also be studied. To enable users to distinguish intivas computed as follows:

with objects made of various materials, alternative im@uls L.y,

rendering techniques will be explored. These extensiollis wi KE = 59 Dq =

increase the realism of the impulsive interaction with an 1.7 T _ .
impulse-augmented penalty-based virtual environment. = 3% (I —(1+e)J. jc) D(I-(1+e)JcTc)do=

1 T . 1 T
= ~6'pg. — (1 Z
APPENDIX | 990~ 4o (L+e) 290

PASSIVITY OF THE COLLISION MAP FOR ONE COLLISION (chjc +ITT D (1+e) JCT7CTD7CJC) Gy =
This section presents the proof of Theorem 1. Proof:

1,
The proof starts by computing the contact impulse by substi-= KEy—(1+e) §qu
tution of (15) into (9): (2‘7T7TD7 T (+¢)ITT.IDT.T ) do =
c c c c = c c c c 0 —
—eJedy = JTeGo+I D 'Tip=

. =T — .
SN = KE - (1-€") 4 I T.DT.T.q,. (32)
p = -+ (D7) Ty @ o |
Since JCTJC DJ.J. Is symmetric, it is positive semi-
Then, the post-collision configuration space velocity ltssu definite and
after substitution from (27) in (9): KE<KE, Vece [01]
—1
i = d-0+e)D 'l (7.07'TT)  Tedy = -
= I-(1+e)TJ.JT.)do (28) APPENDIX I

5Neither was collision resolution a limiting factor duringet experiments PASSIVITY OF THE COLLISION MAP FOR OVERDETERMINED

described in [4]. In these experiments, a planar linkageh liree links CONSTRAINTS

and revolute joints is manipulated in a virtual environmemuding a rigid . . .
enclosure and two other moving objects. Linkage operatioititistrated for This section presents the proof of Theorem 2. Proof:

both perfectly elastic and perfectly plastic contacts. The proof follows the same reasoning as the proof
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of Theorem 1, where(JcD”JcTy is replaced by

(J D’le)T The i
c o proof holds since

(JCD*JCT)T = (JclrlJcT)T J.D'g" (JCD*JZ’)T

Furthermore, it is shown in Appendix Il that:

t ~1
gl (7.07'7!) .= 77 (7.D7'7%) T (33
where g7 = [77 g7]" and 7, is full row rank. Then:

o\ . —T _ — .
KE:KEo—(1—62)quZJcDJCch0:

T
=KEy—(1-¢*) gt g’ (Dlji,” (JCDlJZ’)T>

12

Then:

(7.07'7! )T

([ 2] [ ]erer onf

(|

_|In
|0

aEAY
)

AR )

(37)

I, 0 0

T.D g7 o]’
A 1,

I, 0}

The last algebraic manipulation is based on the fact that:

(XXT)T — (XT)T xt (38)

To show that (38) holds, let the SVD oX be given as

t X =UxV". Then:
D (sz’ (JCD*JZ) ) T ey =
TJr TJr I 7T
. (XX) - (UEEU):UEEU -
= KBy~ (1-¢2) gl g’ (jCD”jZ”)
\ - usvTveuT = (XT) xt, (39)
J.D T (JCD*JCT) T edy =
; where: :
= KB~ (1-¢) ;7! (7.0 TL) Tedy = o 0
= KBy~ (1-¢) 40 T4 T4 DT 0T ndo. (34) e R e
0o --- 00" e 0

Sincle?ZD?an is positive semi-definite, simultaneous

collision resolution is passive, i.&{E < KEy Ve € [0,1], ando, ---0, are the singular values oX.
when the constraints are overdetermined. [ ] t .
Jr g.:TCDl..’Tf) J. can now be computed using (36)
and (37):

APPENDIXIII
PROOF OF IMPLICIT ELIMINATION OF CONSTRAINT
OVERDETERMINANCY

Proof: This section proves that (33) holds by showing
that:

. JCD”._’TZ is invertible when7 .. is full row rank;
t -1
. gl (7.0 77) 7. = J5(7.07'T%) 7.
when J . is row rank deficient,s,, is full row rank,
andJ; =[7, J,].
If J. is full row rank, then the symmetric matrlﬁcjz

is invertible and all its singular values are strictly post
Therefore:

v T DT 0> Apin (D) 0" T T 0 >
> Amin (D7 ) min (J J )'U'UT >0 Yo 7é [(35)

(1]

[2]
i.e., jCDfljZﬂ is positive definite, hence invertible.

If J. is row rank deficient, let7. be given bchT =
[T} J,T]T, whereJ,, is full row rank, i.e.,rank(J,) =
rank(J.) = n and rank(J,) r. By elementary row

operations:
TIn| _ |TIn
Jrl 0]’

whereA € R™*" andI,, andI, are identity matrices of rank [6]
n andr, respectively.

(3]

(4

I, (5]

A I (36)

7! (7.079") 7. -

_ o[ AT [7.D7' gL o' [1, o] _ _
oty 4] 3]

0 0
_ F.0' 7" o] [7.]
=17 O]l( 0 ) 0]{0}
=J7 (JnD’ljf)il Tn. (41)
[ |
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