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Abstract—This paper proposes a multi-rate control strategy
for multi-user haptic cooperation. In the proposed architecture,
the virtual environment simulation runs on a central server to
which all users are connected as clients. Users send position
commands to and receive forces from the centralized virtual
object that they cooperatively manipulate via wave-based con-
trollers. After deriving the passivity condition for the multi-rate
wave transformation, the paper investigates the stability of the
cooperation between two users within a multi-rate discrete-time
state space framework. The analysis predicts that clients can co-
operatively manipulate much stiffer centralized virtual objects
when connected to the server using wave transformations than
when connected using virtual coupling. Experiments performed
in a 1 degree of freedom (DOF) virtual environment confirm
the analytical results.

Index Terms—Multi-rate multi-user haptic cooperation, cen-
tralized control.

I. INTRODUCTION

Force feedback can enhance task performance in hap-
tic applications that require the cooperation of multiple
users [1]. Regardless of potential advantages and important
applications [2], [3], [4], [5], haptic cooperation over net-
work/Internet remains a research challenge because several
factors severely degrade its stability and transparency. These
factors include time delay in the communication channels [6],
packet loss [7], low communication bandwidth [8], [9].

Much experimental research has addressed networked hap-
tic cooperation. The study in [6] has shown that time delay
decreases stability and performance in collaborative haptic
systems. Two peer-to-peer and one client-server architectures
have been compared through interactions between users con-
nected via Internet in [9]. All those three architectures are
based on virtual coupling [10] coordination, and have been
used to evaluate the effect of network conditions on their
performance. An NIST Net network emulator has simulated
varying time delay and thus, Internet-based communications
in [11]. Virtual coupling-based peer-to-peer and client-server
architectures have been contrasted in terms of position co-
herency, and a distributed scheme with position coherency
comparable to centralized schemes has been proposed in [12].
For peer-to-peer communications, virtual coupling and wave

variable controllers have been demonstrated to maintain
higher position coherency and lower force errors that time
domain passivity-based controllers [13].

The stability of centralized and distributed cooperative
haptic systems under constant communication delay has been
analyzed in [8] using the state space multi-rate modeling
introduced in [14]. The analysis has proven centralized coop-
eration doomed to instability unless limited contact stiffness
is rendered to client users when they are connected to the
centralized virtual environment via virtual coupling.

The use of wave variable control for stabilizing sampled
data systems has also been a recent research focus. Wave
transformations between virtual environment variables and
the haptic device variables have been studied through model-
ing delays only in the return path in [15]. Our analysis shows
that analytical results change significantly with the location of
the delay. Wave transformations between virtual environment
variables and motor variables have been employed in [16]
after incorporating the motor dynamics into the system
model. Wave-based haptic interaction with a slow molecular
docking simulation has been proposed in [17], but required
additional virtual damping to remain stable. In [18], wave
domain communications between a slow virtual environment
and a haptic device have been proven passive inclusive of the
downsampler and the upsampler in the absence of aliasing.

This paper proposes centralized haptic cooperation with
multi-rate wave transformations for coping with fixed time
delays and slow network update rates. In the proposed
architecture, the virtual environment simulation runs on a
central server to which all users are connected as clients.
Users send position commands to and receive forces from the
centralized virtual object that they cooperatively manipulate
via wave-based controllers. The paper starts by deriving the
passivity condition for the multi-rate wave transformations
in Section II. The continuous time model of cooperation
between two users is derived in Section III, followed by
the stability analysis of its discrete time counterpart in
Section IV. The stability region of the multi-rate system is
derived in Section VI. Experimental results validating the
analysis are included in Section VIII. The paper ends with



conclusions and directions for future work.

II. MULTIRATE WAVE TRANSFORMATION

A passive system can not generate energy, i.e., a system
with effort (force) f(t), flow (velocity) v(t), and initial
energy E(0) obeys [19]:∫ t

0

f(t)v(t)dt + E(0) ≥ 0. (1)

In other words, passive systems dissipate at least as much en-
ergy as they generate. Wave transformations have been shown
to preserve the passivity of communication channels with
time delay in both the continuous [20] and the discrete [21]
domains. This section derives the passitivy condition for
muli-rate wave transformations (Figure 1).
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Fig. 1. A sampled-data system with downsampling and upsampling in the
communication channels.

The discrete domain energy balance in the communication
channels can be written as:

ΔE =
n=Nf∑
n=0

[
1
2
(uT

m(n)um(n)T − uT
s (n)us(n)MT ) +

1
2
(vT

s (n)vs(n)MT − vT
m(n)vm(n)T )]. (2)

where Nf is the number of samples. The second term in
Equation (2) is zero. Indeed the upsampling does not inject
energy to the system:

1
2

n=Nf∑
n=0

[v2
s(n)MT − v2

m(n)T ] = 0 (3)

Since ZOH expander was used as the upsampler, the follow-
ing relation holds:

vm(n + m) = vs(n), for 0 ≤ m < M (4)

Using Equation (4) gives:

Σv2
s(n)MT = Σv2

m(n)T (5)

which proves the second term in Equation (2) is equal to
zero.
For the first term in Equation (2) applying Parseval’s theorem
gives:

Σu2
s(n)MT =

TM

2π

∫ π

−π

|Us(eωj)|2dω (6)

by assuming no aliasing, i.e., Us(jω) = 1
M Um(e

jω
M ) for

|ω| < π
M :

TM

2π

∫ π

−π

|Us(eωj)|2dω =
T

2πM

∫ π

−π

|Um(e
ωj
M )|2dω (7)

By defining ω
M = ω1 Equation (7) becomes:

T

2π

∫ π
M

−π
M

|Um(eω1j)|2dω1 = Σu2
m(n)T (8)

Which implies that the first term in Equation (2) is equal
to zero, by this assumption that the aliasing does not occur.
When aliasing happens the first term in Equation (2) is not
equal to zero and it can be positive or negative. Hence to
gaurantee the passivity of the communication channel, it is
necessary to prevent the aliasing.

By using a LP filter with cutoff frequency less than π
M

before the downsampler, it is possible to prevent the aliasing
and gaurantee the passivity of the system.

III. STABILITY OF A HAPTIC CENTRALIZED

COOPERATION SYSTEM WITH MULTIRATE WAVE

TRANSFORMATION

Figure 2 shows a centralized cooperative haptic system
with 2 users in which the users can manipulate a cube
cooperatively.

The dynamics of the networked haptic shown in Figure 2
are, for notations refer to the Appendix:

• for the client HDs (device motion and virtual contact
forces balanced by the user force Fhi):

mHD1ẍ1 + bHDẋ1 = Fh1 − F1 (9)

mHD2ẍ2 + bHDẋ2 = Fh2 − F2 (10)

• for the VO :

mOẍO + bOẋO = Fs1 + Fs2 (11)

where F1 and F2 are shown in Figure 2.
Instead of transmitting the power variables Fs1, Fs2, ẋ1, and

ẋ2, the following wave variables are transmitted between the
server and the clients:

uci =
√

2bẋi − vci, i = 1, 2 (12)

vsi = usi +
−F si√

2b
, i = 1, 2 (13)

where b is the wave impedance and the following relations
hold between wave variables:

usi(t) = uci(t − Td)(M ↓), i = 1, 2 (14)

vci(t) = vsi(t − Td)(M ↑), i = 1, 2 (15)
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Fig. 2. Model of the centralized single-axis cooperative haptics.

The force applied on the users , F1 and F2, is computed using
the following relation:

Fi = bẋi −
√

2bvci, i = 1, 2 (16)

for finding Fsi, i = 1, 2, at first the corresponding velocity
of device i, on the server side is computed by decoding the
wave variables:

ẋsi =
2√
b
usi +

−F si(t − TV E)
b

, i = 1, 2 (17)

next, by integrating ẋsi in discrete domain, xsi is found.
Finally Fsi is equal to:

Fsi = Ki(xsi − xO) + Bi(ẋsi − ẋO), i = 1, 2 (18)

As it is shown in Equation (16), Fi is comprised of two
terms: bẋi and −√

2bvci. By using these terms in place of Fi

the continuous state space model of the system becomes:

ẋ6×1 = A6×6 ẋ6×1 + B6×6u6×1 (19)

where :

uT
6×1 =

(
Fb1 Fb2 vc1 vc2 Fs1 Fs2

)
(20)

and Fbi = bẋi. The output of the system is:

y6×1 = C6×6x6×1 (21)

where C is 6 × 6 unity matrix.
As mentioned earlier, the haptic cooperation system in

Figure 2 is not a continuous-time system. Rather, it is:

• a sampled-data system because of the discrete nature of
the virtual environment simulation.

• a system with multiple rates because of the inherent
limitations of the communication port (specifically, data
from remote clients is read at frequencies of 128Hz, and
the local control loop runs at 1024Hz).

Therefore, its stability will be investigated using the multirate
sampled systems state space modeling approach proposed
in [14].

IV. DISCRETE TIME STATE-SPACE DYNAMICS OF HAPTIC

COOPERATION

To derive the multi-rate state space model the states,
outputs, and inputs vectors are expanded in the following
manner [14], Figure 3:

• The multi-rate state vector for the discrete-time system
with dynamics given in Equation (19) is, Figure 3(c):

xD48×1
[k] =

⎛
⎜⎜⎜⎜⎜⎜⎝

x
6×1

((k − 1)T0 + τ0)
x

6×1
((k − 1)T0 + 2τ0)

...
x

6×1
((k − 1)T0 + 7τ0)
x

6×1
(kT0)

⎞
⎟⎟⎟⎟⎟⎟⎠

(22)

• The outputs (positions & velocities) measured at the
control sampling rate Tc for haptic cooperation are,
Figure 3(b):

yDc48×1
[k] =

⎛
⎜⎜⎜⎝

y
6×1

(kT0)
y

6×1
(kT0 + Tc)

...
y

6×1
(kT0 + 7Tc)

⎞
⎟⎟⎟⎠ (23)

The outputs (positions & velocities) measured at the
network sampling rate Tn for haptic cooperation are:

yDn6×1
[k] =

(
y

6×1
(kT0)

)
(24)

The augmented output vector is:

yD54×1
[k] =

(
yDc48×1

[k]
yDn6×1

[k]

)
(25)

• The augmented input vector includes, Figure 3(a): The
augmented input vector that depends on positions and
velocities measured locally at the control sampling rate



Tc:

uDc16×1
[k] =

⎛
⎜⎜⎜⎜⎜⎝

Fb1 (kT0)
Fb2 (kT0)

...
Fb1 (kT0 + 7Tc)
Fb2 (kT0 + 7Tc)

⎞
⎟⎟⎟⎟⎟⎠ = F

16×1
[k] (26)

and the augmented input vector at the network sampling
rate Tn:

uDn4×1
[k] =

⎛
⎜⎜⎝

vc1 (kT0)
vc2 (kT0)
Fs1 (kT0)
Fs2 (kT0)

⎞
⎟⎟⎠ (27)

Hence:

uD20×1
[k] =

⎛
⎜⎜⎜⎜⎝

F
16×1

[k]
vc1[k]
vc2[k]
Fs1[k]
Fs2[k]

⎞
⎟⎟⎟⎟⎠ (28)
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Fig. 3. Expanded vectors [14].

The discrete-time state-space dynamics of the multi-rate
centralized haptic cooperation system are:

xD [k + 1] = AD x
D

[k] + BD uD [k] (29)

The output equation is:

yD [k] = CD xD [k] + DD uD [k] (30)

For more details about AD , BD , CD , DD and how they are
related to the continues model matrices refer to[14].

V. INCLUDING WAVE TRANSFORMATION IN STATE-SPACE

MODEL

Incorporating the wave transformation into the state-space
model is done through the following steps :

• the wave variable vci is used as one of the system inputs,
Equation (19).

• considering ẋs1, xs1, ẋs2, and xs2 as the system states and
augmenting us1 and us2 into the inputs of the system,
by using :

ẋsi(k + 1) =
Ki(xsi(k) − xO(k))

b
(31)

+
Bi(ẋsi(k) − ẋO(k))

b
+ usi(k)

xsi(k + 1) = (Tn)ẋsi(k) + xsi(k)

• adding uci , vsi, and Fsi into the system outputs according
to the Equation (12), Equation (13), and Equation (18)
respectively:

• As shown in Section II, a low pass filter before the
down-sampler is required to guarantee the passivity of
the system with multi-rate wave transformations. The
continuous time state space model of the fist order low
pass filter is:

ẋfi = −50xfi + ufi (32)

yfi = 50xfi

The multi-rate model of the filter is as follow, which is
derived by using the same method used for constructing
multi-rate model of the system:

xfi8×1 [k + 1] = Afi8×8xfi8×1 [k] + Bfi8×8ufi8×1(33)

yfi9×1 [k] = Cfi9×8xfi8×1 [k] + Dfi9×8ufi8×1

After integrating the multi-rate state space model of the filters
with the multi-rate state-space model of the haptic system,
the input-output relationship becomes:

• the fast part of uci, the fist 8 elements, are the filter
input:

ufi8×1 = uci(1 → 8) (34)

• the slowly updated part of the filter output, the last
element of yf , is equal to us2:

usi = yfi(9) (35)

• vci is equal to vsi

• Fsi is related to the outputs, according to Equation (18).



VI. STABILITY ANALYSIS

To check the stability of the closed loop system, the closed
loop state matrix for each pair of (K1 , K2) is found and the
magnitude of its largest eigenvalue is checked according to
the stability criterion:∥∥Eig(ADnew + BDnew FD (I − DDnew FD )−1CDnew )

∥∥ < 1
(36)

where ADnew , BDnew , CDnew , DDnew are the new state space
model matrices after incorporating the wave variables and
augmenting the filter dynamics, and FD is the feedback
matrix. The delays were incorporated in the state space model
by augmenting the delayed inputs in the state vector [8].
All virtual damping couplers are equal to 10 Ns/m, wave
impedance is equal to 20 Ns/m and no damping is considered
for the devices.

The stability region for virtual coupler parameters, K1 and
K2, are shown in Figure 4 for different time delays Td. As
shown in these figures increasing time delay slightly changes
the stability region.
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Fig. 4. Stability region for a slowly updated centralized haptic system.
The haptic control rate is Tc = 1

1024
s, and the network update rate is

Tn = 1
128

s.

VII. EXPERIMENTAL RESULTS

This section presents experiments performed using a client
Phantom Omni haptic device interacting with a server virtual
wall. The results represent the case of a single user interacting
with a fixed virtual cube via the control architecture depicted
in Figure 2. The face of the cube touched by the user
is located at x = 0. In the experiment, a constant force
is applied as the user input at the handle of the haptic
device. The position of the haptic interface xm, the position
command in the virtual environment xs, and the force applied

to the user Fm are shown in Figure 5 for two time delays,
Td = 0.01 s, 0.02 s. Figure 5 validates that stiff contacts can
be rendered to the user in the presence of the two constant
time delays. The impedance perceived by the user during
contact, Fm

xm
, is approximately equal to 1000 N/m, which is

the stiffness of the cube in the virtual environment. This result
demonstrates the suitable performance of the proposed wave-
based controller in terms of transparency.
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Fig. 5. Experimental result for K1 = 1000 N/m.

VIII. CONCLUSIONS

This paper has proposed wave-based communications for
centralized haptic cooperation. It has also shown: (1) that
multi-rate wave transformations are passive only in the
absence of aliasing; and (2) that wave-based control can
render large contact stiffness in the presence of significant
constant communication delays (Figure 4). A comparison
of wave-based centralized haptic cooperation(Figure 4) to
virtual coupling-based centralized cooperative haptics [8]
(Figure 6) shows the much larger stability region of multi-rate
wave-based control. The importance of this result becomes
apparent when considering that centralized haptic cooperation
may be required by a number of applications because of the
size or the cost of the virtual environment software.

The proposed approach is restricted to haptic cooperation
in the presence of constant network delay and constant update
rate. Many methodologies have been proposed for coping
with varying time delays in the literature [22], [23], [24], [25].
Upcoming work will investigate the use of robust control for
maintaining centralized haptic cooperation systems stable in
the presence of varying time delays and varying update rates.
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