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Applications of Complex SurfacesApplications of Complex SurfacesApplications of Complex SurfacesApplications of Complex Surfaces



Defining and Controlling theDefining and Controlling the 
Geometry of Curved Surface (Patch)



Surface Patch

A surface patch ⎯ a curved bounded collection of 
points whose coordinates are given by continuous, 
two-parameter single-valued mathematicaltwo parameter, single valued mathematical 
expression.

Function of the form:
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Type of Surface

• Planar Surface 
• Bilinear Surface
• Ruled (Lofted) Surface
• Bi-cubic Surface
• Bezier Surface
• B-spline SurfaceB spline Surface



Planar Surface 
- defined by three points and vectors
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Planar Surface
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An ExampleAn Example
Find the distance between a point [ ]Tqqq zyxQ = and a plane 

( )0 0 1, 0 1ˆ ˆ u wp p ur ws ≤ ≤ ≤ ≤= + + . That is to say, find the 

projection of point Q onto plane P and the distance Dprojection of point Q onto plane P  and the distance D.
-
Q

DD

n̂
-
Q’ŝ r
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Planar Surface (defined by plane 
equation and boundaries) 
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The two parametric equation x(u,w) & y(u,w) together with 

the boundaries specified by (u=0, w=0,u=1,w=1) determine

the boundary of the projection of a surface ( )wup ,  in the x-y 

plane. 



A Bounded Region of A PlaneA Bounded Region of A Plane

u wx +=⎧ Chose the expressions of x and y;u w
u

x
y
z

w
+

−
⎧

=
=

+⎪
⎨
⎪
⎩ ⎧

p y;
z is determined by the plane equation.

..........z =⎩
0

1

x w
u y x

y w

x w

=⎧
= =⎨ =⎩

= +⎧

y 

1
1 2

1
x w

u y x
y w

x u

= +⎧
= = −⎨ =− +⎩

=⎧x

1 
w=1 u=0 

0

1

x u
w y x

y u

x u

=⎧
= =−⎨ =−⎩

= +⎧
⎨

x

-1 

1 2

u=1 w=0 

1 2
1

x u
w y x

y u
⎧

= =− +⎨ =− +⎩-2 The Region



X+Z=2 passes P1(1,0,1)  P2(0,0,2) and P3(1,1,1)
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Bilinear Surface p(u1)
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Bilinear Surface
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Ruled (or Lofted) Surfaces
Here we specify two of the four boundary curves, ( )0,up and ( )1,up . These twop y y , ( ),p ( ),p

curves can be defined by any of the methods that we discussed (cubic spline,

Bezier, B-spline, NURBS, etc.). Points on the surface are obtained by linear

interpolation.

 ( ) ( )( ) ( )wupwupwup 1,10,, +−=  

or ( ) ( )( ) ( )uwpuwpwup ,11,0, +−=  

If we choose straight lines for the boundaries, the ruled surface becomes a bilinear

surface.



An Example ( ) ( )( ) ( )1, , ,10p wu p ww u p u= +−p

( )0,up  and ( )1,up  are cubic splines with clamped ends
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FreeFree--form Surface IIform Surface II



Type of Surfaces

• Planar Surface

• Bilinear SurfaceBilinear Surface

• Ruled (lofted) Surface

• Bezier Surface

• Bi-cubic surface

• B-Spline Surface



Bezier Surface PatchBezier Surface Patch
Bezier surfaces are formed by plotting families of Bezier 
curves Changes of control points alter the global shapecurves.  Changes of control points alter the global shape 
of the surface patch.
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Bezier Surface PatchBezier Surface Patch
A Bezier Curve
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Bezier Surface PatchBezier Surface Patch
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Bezier Surface PatchBezier Surface Patch
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Bezier Surface Patch
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Bezier Surface Patch
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A Cubic Bezier Surface Patch
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A General Bezier Surface PatchA General Bezier Surface Patch

A general n × m Bezier surface:
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An Example

A Bezier surface patch is specified by 9 control points:  

p00 = (0,  0,  0)T;   p01 = (0,  1,  1)T;   p02 = (0,  2,  0)T X
 
p10 = (1,  0,  1)T;   p11 = (1,  1,  2)T;   p12 = (1,  2,  1)T 
 
p20 = (2,  0,  2)T;   p21 = (2,  1,  3)T;   p22 = (2,  2,  2)T 

Y

 
1. Plot the control polygon and sketch the surface patch of p(u,w). 
2. Given p00p01p02 as the u = 0 curve and p00p10p20 as the w = 0 curve, 

d i th B i i f th t b d      derive the Beizer curve expression for the two boundary curves, 
      q(0,w) and q(u,0). 
3. Derive the mathematical representation of the surface patch p(u,w). 
4. Calculate p(0.5, 0.5) 



SolutionSolution
1. Sketch

X(u) X(u)

Y(w) Y(w)



2. If p00p01p02 defines the u=0 curve,
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S l tiSolution
3. Surface Patch
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S l iSolution
3. Calculate P(0.5, 0.5)( , )
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Bi-Cubic Surface Patch
w P’

wuP’01

w P’01

P

P’11
P01

uP’11

p11

p01
w

P11

p11

w

P’

P’00

P10 P’10

P 10
uP00

P’00



Bi-Cubic Surface Patch
A Cubic Spline
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Bi C bi S f P hBi-Cubic Surface Patch
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Bi-Cubic Surface Patch
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A Closer LookA Closer Look
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Notes for Bi-cubic Surface PatchNotes for Bi cubic Surface Patch 
• The surface patch is determined by 4 boundaries. 

U 0 1 t t th b dUse u, w = 0, 1 to generate the boundary 
(interactively) of the surface. 

• The four boundaries are cubic splines• The four boundaries are cubic splines.

• Characteristics of the bi-cubic surface patch are 
very similar to those of the cubic spline namelyvery similar to those of the cubic spline, namely, 
lack of local control and the order of curve is fixed.

• Requirement of tangent and twist vectors as inputRequirement of tangent and twist vectors as input 
data doesn’t fit very well the design environment



B Spline SurfaceB-Spline Surface

Surface patch not
go through 

control pointscontrol points



B Spline SurfaceB-Spline Surface

S f t hSurface patch go 
through control 

points



B-Spline Surface
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Features: local control and variation of degree



Surface Manipulations
• Offset• Offset 

• Blend 

Di l• Display

• Segmentation (division)

• Trimming

• Intersection

• Projection

• TransformationTransformation



Surface NormalSurface Normal

Applications: Direction, Distance Calculation, and MachiningApplications: Direction, Distance Calculation, and Machining
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Surface Offset nSurface Offset
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Blending Surfaces

A blending surface is aA blending surface is a 
surface that connects
two adjacent surfaces or 
patches.  A blending 
surface is usually 
created for two givencreated for two given 
surface patches.



Bl di S fBlending Surfaces

A bi-cubic blending surface can be readily generatedA bi-cubic blending surface can be readily generated

How about Bezier or 
B-Spline blending 
surfaces?



Review: A Plane (Patch)( )
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Review: Bilinear SurfaceReview: Bilinear Surface
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Review: Ruled (lofted) SurfaceReview: Ruled (lofted) Surface
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Review: Bezier Surface PatchReview: Bezier Surface Patch
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Quick Questions
1. What are the parameters required to define a planar, 

bilinear, lofted/ruled, and Bezier surface patch?b e , o ed/ u ed, d e e su ce p c ?

2. What are the differences between a bilinear surface and a 
ruled surface?

3. Can we increase the order of a bi-cubic surface patch by 
introducing more points?

4. Bezier surface, in contrast to Bezier curve, can be locally 
tuned if appropriate mathematical manipulation is 

li dapplied.

5. Is the blending surface usually a bi-cubic surface, Bezier 
surface or B spline surface? Why?surface or B-spline surface? Why?



Summary

• Planar, bilinear, and ruled surfaces

• Cubic, Bezier, B-Spline SurfacesCubic, Bezier, B Spline Surfaces

- Properties similar to corresponding curves

C di t l f f- Curves are rudimental for surfaces 

- An extension to two dimension (u, w)

• Surface manipulation (offset, and blending)
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