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The process of oxy-fuel combustion requires the separation of oxygen from air on a large scale for use in
the combustion chamber. This separation is currently done through energy intensive cryogenic distil-
lation. To reduce the overall energy requirements for air separation it is examined whether a hybrid
membrane and cryogenic process be utilized instead. The examined process uses an O2/N2 permeable
membrane to create oxygen enriched air. This enriched air is then turned into high purity oxygen using
cryogenic distillation. Several arrangements of such a system are investigated and compared on a prac-
tical and thermodynamic level to the current cryogenic process in use. It is found that using a vacuum
pump arrangement to draw air through the membrane has potential to reduce energy requirements from
the current standard. It is also found that the hybrid system is more productive in small to medium scale
applications than in large scale applications because of the increased irreversibilities in the cryogenic
process at smaller scales.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Oxygen production from air separation is used in many appli-
cations worldwide such as medical devices, steel and chemical
manufacturing, and most recently carbon capture on a large scale.
Historically, the size of the operation and the required purity of
oxygen determine the method of separation [1].

Presently, a widely discussed process for carbon capture is the
oxy-fuel process, in which the oxidizer for the power plant is pure
oxygen mixed with power plant exhaust [2]. Thus, the final exhaust
is essentially only carbon dioxide and water, which can be easily
separated; the carbon dioxide is then stored in underground caverns,
e.g., depleted oil or gas fields. The process of oxy-fuel combustion
requires high purity oxygen in large quantities. For oxy-fuel
processes such as the combined cycle, Graz cycle [3] and Water cycle
[4] the oxygen separation process, however, would be an addition to
an existing power plant and the work required to separate oxygen
from air becomes an energy penalty for the power plant to operate
with sequestration [5]. Oxy-fuel cycles which require no additional
energy for air separation such as Chemical Looping Combustion [6]
are also proposed but still require significant development. Kvams-
dal et al. [7] show that a gas turbine combined cycle power plant
installed with the oxy-fuel process will reduce the overall plant
: þ1 250 721 6051.
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efficiency from 56.7% to 47%. Approximately 8.8% of the efficiency
loss comes from the work required to produce and compress oxygen
for combustion through cryogenic distillation in the Linde process.
Thus, if the separation process can be improved by even a small
margin, the oxy-fuel process will benefit substantially.

The three branches of technologies that currently exist to sepa-
rate oxygen from the air include distillation, adsorption and
membranes [8]. Distillation is the most mature of the three tech-
nologies and allows for both high purities (>99%) and large scale
productions [9]. Adsorption is able to reach purities of up to 95%
oxygen but the requirement of solvents limits its size capacity due
primarily to capital costs [1]. Membrane technology is the most
recent of the three and includes polymeric and high temperature ion
transport membranes. While polymeric membranes can produce
oxygen enriched air of various concentrations, ion transport
membranes can produce purities of close to 100%. Both membranes
however have yet to be built for large scale gas separations [1]. A
combination of the above technologies for the production of high
purity oxygen has been suggested [10] but no detailed research has
been completed discussing either energy costs or integration to the
oxy-fuel cycle. Several papers though have discussed the possibility
of combining these technologies for various other purposes such as
the production of argon [11] and the recovery of CO2 [12].

The hypothesized design to create pure oxygen using less energy
utilizes both membrane and cryogenic technologies. With an
induced pressure difference, an O2/N2 selective polymeric membrane
can partly separate oxygen from air by having properties that allow
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oxygen molecules to pass through the membrane easier than
nitrogen molecules. However, the membrane cannot fully separate
oxygen from the air; it can only be used to increase the concentration
of oxygen as some nitrogen molecules will also flow through the
membrane. The enriched air can then be processed in a cryogenic
stage; this will require less work than if ambient air is used, since
a smaller volume of gas needs to be processed in the cryogenic
process to obtain the same amount of product, i.e. pure oxygen.
Enrichment of the air using a membrane, however, introduces extra
work irreversibilities in the form of additional compressors, turbines
and blowers, and irreversibilities for the membrane flow. Depending
upon the actual value of the various irreversibilities, using
a combined membrane and cryogenic process may provide a smaller
energy penalty than the cryogenic process alone; in the following,
several arrangements are considered to test this hypothesis.

A compressor on the feed side of the membrane coupled with
a recovery turbine for the waste gas can be used to create the
required membrane pressure difference. Alternatively, a vacuum
pump on the permeate side of the membrane can be used to create
the pressure difference. Both configurations are thermodynamically
modeled to determine the best method of air separation. The
primary parameter in the system is the membrane selectivity which
is a property of the membrane. The selectivity is varied to study the
effect it has on the separation work. The effects of adding heat to the
turbine inlet and varying the efficiencies of the compressor and
turbine are examined as well. For large oxygen production rates
(thousands of tons O2/day) only the vacuum pump arrangements
show improvement over the existing (i.e., cryogenic alone) design,
while both variants of the hybrid design show improvements in
small to medium scale productions (hundreds of tons O2/day).

The remainder of this paper is organized as follows: Section 2
discusses the basic processes in membranes and cryogenic
processes for air separation. In particular a detailed discussion of
membrane separation is presented. In Section 3, various configu-
rations for hybrid systems are introduced, including a discussion of
the methodology behind the processes. The numerical results for
the separation work of the various arrangements are graphed and
discussed in Section 4 for both large and small scale productions
rates, including the resulting effect on the oxy-fuel process. In the
last Section, the effect of varying certain parameters is investigated
and recommendations regarding the future of the hybrid system
are discussed. Integration of the hybrid system to the oxy-fuel
process and comparisons to ceramic membrane separation are also
included in the discussion.

2. Current technologies for air separation

2.1. Membranes

The use of selective membranes for partial air separation pro-
gressed rapidly in the 1980s as a promising alternative to cryo-
genics and adsorption [13]. These membranes allow the passage of
certain molecules easier than other molecules. For an O2/N2

permeable membrane, both oxygen and nitrogen can permeate
through the membrane, but oxygen does so with more ease. Fig. 1
Fig. 1. Simple Membrane Process with a Compressor coupled with a Recovery Turbine.
shows the set-up of the basic process. To induce a flow of molecules
across the membrane, a pressure difference must exist, which is
created by a compressor. A recovery turbine is then placed down-
stream, so that the portion of the gas that did not pass through the
membrane can be expanded and some of the compression work
can be recovered. The oxygen enriched gas that did pass through
the membrane is assumed to be at atmospheric pressure.

An alternative set-up to create the pressure difference is a vacuum
pump on the permeate side as seen in Fig. 2. This configuration
requires a blower to keep fresh, undepleted air flowing past the
membrane. Otherwise oxygen depleted air would pool along the
membrane reducing the amount of oxygen that passes through.

In the following, the subscript R indicates the nitrogen rich waste
gas while the subscript O indicates the oxygen rich product gas. All
gases are assumed to be ideal gases with constant specific heats.

Membrane permeability is different for each type of molecule
and determines its ability to flow through the membrane. For
a component g, the mole flow through the membrane is given by

dng

dt
¼ Qg

�
pg;0 � pg;1

�
(1)

where Qg is the permeability of the membrane for a given
component, and pg,0 and pg,1 are the partial pressures of the
component before and after the membrane, respectively.

Technical membrane separation processes are continuous
processes, where the source gas flows along the membrane while
some of it penetrates to the other side. For the computation it is
convenient to follow an initial amount nT of source gas as it travels
along the membrane and its components traverse the membrane.
Then Qg is a parameter that depends on the initial amount
considered and on the size of the membrane.

In an O2/N2 permeable membrane the ratio of the membrane
permeabilities of oxygen and nitrogen, QO2

and QN2
, is the

membrane selectivity, a, which is independent of the size of the
system considered,

a ¼ QO2

QN2

(2)

The selectivity is dependent upon the type of membrane, the
membrane material and the membrane configuration.

In order to gain independence of the system size, it is conve-
nient to introduce a dimensionless permeation time scale as

s ¼ tp0QN2
=nT (3)

The dimensionless permeation time s measures the time that the
gas is allowed to permeate through the membrane; it can be
controlled by choosing the flow rate of the gas through the system or
by altering the length of the membrane. However, sufficient air flow
must be required to ensure that the gas in front of the membrane is
well mixed. The flow rates of oxygen and nitrogen across the
membrane are determined by the difference in the partial pressures
of each gas on the feed and permeate sides. Since the concentration
of each gas changes over time, the mole flows are time dependent.
Using Eqs. (1–3) and the ideal gas relation pg=p ¼ Xg, the mole flows
of oxygen and nitrogen obey the equations

dn1f

ds
¼ a

�
X1p � X1f

p1

p0

�
¼ �

dn1p

ds
(4)

dn2f

ds
¼
��

1� X1p
�
�
�

1� X1f

�p1

p0

�
¼ �

dn2p

ds
(5)



Fig. 2. Simple Membrane Process with a Vacuum Pump.
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In Eqs. (4) and (5) n1f, n1p, n2f and n2p represent the time-dependent
mole numbersdmade dimensionless with the initial amount
nTdof the feed and permeate streams of O2 (component 1) and N2

(component 2), respectively. Furthermore, p1 and p0 are the total
gas pressures on both sides of the membranes, and X1f and X1p are
the time-dependent molar concentrations of oxygen on the feed
and permeate sides,

X1p ¼
n1p

n1p þ n2p
(6)

X1f ¼
n1f

n1f þ n2f
¼

�
n1 � n1p

��
n1 � n1p

�
þ
�
n2 � n2p

�_ (7)

Solutions to Eqs. (4) and (5) requires the initial conditions for n1f

and n2f (and thus X1f), which are given by the composition of air, n1f

(s ¼ 0) ¼ X1f (0) ¼ 0.21, and n2f (0) ¼ X2f (0) ¼ 0.79.
Moreover, for the initialization of our numerical solution of the

equations, we require the initial composition X1p (s ¼ 0) of the
enriched gas on the permeate side of the membrane. This is found
by defining X1p at an infinitesimal time Dt and evaluating the
equation as Dt/0.1 Equations (4) and (5) are then substituted
producing the equation

X1pðs ¼ 0Þ ¼

dn1p

ds
dn2p

ds
þ

dn1p

ds

¼
a
�

X1p � X1f
p1
p0

�
�
1� X1p

�
�
�

1� X1f

�
p1
p0
þ a

�
X1p � X1f

p1
p0

� (8)

The above equation must be solved for X1p. This can easily be
done as the initial values for a, p1, p0 and X1f are all known [14].

With X1p(s ¼ 0) known for a given selectivity and pressure, the
initial amounts of each component that pass through the
membrane can be found relative to one another. For the numerical
solution, the initial amount of moles of oxygen, n1p, is set to a small
value of 0.001 to simulate the initial flow of oxygen across the
membrane. This value is then used in conjunction with the initial
permeate concentration to find the initial amount of nitrogen.

n1pðs ¼ 0Þ ¼ 0:001 (9)

n2pðs ¼ 0Þ ¼
 

n1pðs ¼ 0Þ
X1pðs ¼ 0Þ � 1

!
(10)

Using these initial conditions, Eqs. (4) and (5) are solved by
means of the mathematical software package Mathematica�, to
give the mole numbers of oxygen and nitrogen on both sides of the
membrane as a function of dimensionless permeation time s. The
1 See Appendix A.1 for a detailed derivation of Eq. (8).
concentrations of oxygen and nitrogen on the feed and permeate
sides can then be found as a function of permeation time. The
resulting graphs produced for a selectivity of 8 and a pressure ratio
of 3 across the membrane are shown in Fig. 3, which allows for
further understanding of the effect of the membrane.

As can be seen from the figure, the initial concentration of
oxygen on the permeate side is higher (w45%) than on the feed side
(w21%) due to the higher permeability for O2. As time progresses,
though, the oxygen concentration on the permeate side will slowly
decrease. If the gases are allowed to permeate through the
membrane for an infinite amount of time, the concentrations on the
feed and permeate side will eventually become equal. It is impor-
tant to note that even though the oxygen concentration is high at
low permeation times, the corresponding actual amount of oxygen
transported through the membrane is small, as can be seen in Fig. 3
right. Thus, a compromise must be made between the desired
concentrations of the permeate stream and the amount of product.

Creation of the pressure difference between the feed and
permeate sides is the only work requirement for membrane sepa-
ration. This can be done by the arrangements shown in Figs. 1and 2,
respectively. To determine the specific work per mole passing
through for a compressor and a turbine, we assume that both
devices operate on irreversible adiabatic processes with isentropic
efficiency h [15]. The required pressures are relatively small,
temperatures vary only slightly, and we can assume constant
specific heats for the involved gases. Then, the compressor and
turbine work are

wcomp ¼ �
kRuT0

hðk� 1Þ

��
p1

p0

�k�1
k

�1
�

(11)

wturb ¼ �
hkRuTR

k� 1

��
p0

pR

�k�1
k

�1
�

(12)

Here, k ¼ 1.4 and is the ratio of specific heats, Ru is the universal
gas constant, T0 ¼ 298 K is the temperature of the environment,
p0 ¼ 101.3 kPa is the atmospheric pressure, p1 is the pressure after
the compressor, pR is the pressure at the turbine inlet and TR is the
gas temperature at the turbine inlet.

The compressor and turbine are fully reversible if h ¼ 1. If the
isentropic efficiency is less than 100% (i.e. h < 1) then work is lost
through irreversibilities. The amount of overall work loss to these
irreversibilities increases with the amount of gas processed by the
devices.

The vacuum pump work is approximated as an adiabatic
compressor. This arrangement also requires a blower to keep fresh,
undepleted air flowing past the membrane. The specific work per
mole passing through for the blower is calculated as the change in
kinetic energy of the air and the additional energy required because
of pressure loss due to friction in the pipe.

wblower ¼�
1

2h

�
v2

f �v2
i

�
MO2
� kRuT0

hðk�1Þ

  
p0

p0�pfric

!k�1
k

�1

!
(13)

Here, vf is the final air velocity, vi is the initial air velocity and pfric

is the pressure loss due to friction. The pressure loss from friction is
calculated using fluid mechanics with assumptions of feed pipe
dimensions and roughness.

The total work required by the membrane process depends
upon the mole flow of air through the system. As seen in Fig. 1, the
mass flow through the compressor is larger than through the
turbine as the compressor processes all air, while the turbine only
expands the waste gas. Similarly, for the vacuum pump of Fig. 2, the
blower processes all air, while the vacuum pump only processes the
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air that passes through the membrane. The total work per unit mass
of O2 in the enriched gas for the compressor/turbine (ct) and
vacuum pump (vp) systems are

wmem;ct ¼
�

wcomp þ
�

_nR
_nT

�
wturb

� 
_nT
_n1p

!�
1

MO2

�
(14)

wmem;vp ¼
�

wblower þ
�

_nO
_nT

�
wcomp

� 
_nT
_n1p

!�
1

MO2

�
(15)

The factor _nT= _n1p represents the conversion from moles of
incoming gas to moles of oxygen outputted. As can be seen in Fig. 3,
the moles of oxygen outputted per mole of incoming gas increases
with permeation time while the concentration of oxygen decreases
over time. A balance must be found between the desired concen-
tration of the product and the work required to produce a certain
amount of product.

The total number of moles flowing through the system is
defined as _nT ¼ gnT where nT is the unit amount of air considered
in the above calculations, and g is the rate at which this amount
enters the system. Variables _nO and _nR are the mole flows of the
oxygen rich gas and the waste gas respectively and are defined as:

_nO ¼ _n1pðsÞ þ _n2pðsÞ ¼ g
�
n1pðsÞ þ n2pðsÞ

�
(16)
Fig. 4. Actual Cryogenic Distillation Sys
_nR ¼ _n1� _n1pðsÞþ _n2� _n2pðsÞ ¼ g
�
n1�n1pðsÞþn2�n2pðsÞ

�
(17)

Irreversibilities of the membrane process occur in the compres-
sors, turbines, blowers and the membrane itself. Work is lost due to
the inefficiencies of the compressor, turbine and blower. A large
amount of work is also lost due to friction between the membrane
and the permeating gas. As the gas passes through the membrane, it
expands to atmospheric pressure from the high pressure after the
compressor. Thus, the compression work cannot be recovered or used
in any regeneration processdit is irreversibly lost to friction.

As is evident from Fig. 3, selective membranes cannot achieve
the high purities needed for the oxy-fuel process. They can however
be used produce oxygen-enriched air at a relatively small energy
cost [16]. There is also an optimum balance between membrane
selectivity and the individual permeability of each component
which determines membrane thickness, permeation time and
surface area needed for a desired separation. Additional separation
systems are required to achieve the high purities needed by that of
the oxy-fuel combustion process [10].

Though a relatively new technology, polymeric membranes
have begun to peak in performance and, based upon current
available materials, approach the limit noted by Robeson [17]. This
limit is a logarithmic curve that relates the maximum permeability
tem using the Linde Process [20].
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for a given selectivity. Robeson argues that advances in materials
will continue to increase this limit and are required for large leaps
in the technology [18].
Fig. 6. Process Flow Diagram for Case 1: Simple Compressor and Turbine.
2.2. Cryogenic distillation

Cryogenic distillation is a technology that has been around since
the early 1900s when the Linde process was developed [15]. Gases
such as oxygen and nitrogen, the primary constituents of air,
decrease in temperature and condense when throttled because
they have a positive Joules–Thompson coefficient. By controlling
how much the temperature decreases through pressurizing and
throttling the air, oxygen and nitrogen can be separated by phase as
they have different boiling temperatures.

The cryogenic distillation process can be very complex in prac-
tice, but here a simplified model that approximates the actual
process is used for analysis. Ambient air which contains approxi-
mately 21% oxygen by volume is first pre-cooled by the cycle’s
product (oxygen) and waste gases (nitrogen and argon). The air is
then compressed in a multistage process to 650 kPa. It is subse-
quently throttled causing it to cool to low temperatures and liquefy.
Oxygen and nitrogen are then separated by phase in a fractional
distillation column. While the oxygen settles to the bottom of the
column as liquid, the nitrogen boils and is taken out of the top of
the column. The contents are then sent to a low pressure distillation
column to increase the oxygen purity. The end result is oxygen with
a purity greater than 99% which can be used in oxy-fuel combus-
tion. Both the product and waste gases are at temperatures close to
their respective boiling points. These low temperature gases are
used to pre-cool the input gases thus lowering the work required
for the initial compression [20]. One configuration of an actual
cryogenic distillation process is shown in Fig. 4.

Though the cryogenic process involves several compressors and
turbines, the overall work for the entire system can be accurately
represented by the work required to compress the incoming air to
650 kPa. This compression is done in two-stages with intercooling,
see Fig. 5.

To compute the specific work per mole of incoming gas for this
two-stage compression we again consider adiabatic irreversible
compression with isentropic efficiency h, so that [15]

wcryo ¼ �
2kRuTcryo

hðk� 1Þ

��
pm

p0

�k�1
k

�1
�

(18)

All of the variables for the above two-stage compression are
constants. Tcryo is the input temperature of the air (taken as 270 K
after pre-cooling), h is the compressor efficiency (assumed to be
90%), and pm is the intermediate pressure of the two compressors.
This intermediate pressure is chosen such that the minimum
amount of work is used in compression. The intermediate pressure
can be found using the equation below pending that both
compressors have the same isentropic efficiency, which is assumed
to be the case in this analysis.
Fig. 5. Work Equivalent of a Simple Cryogenic Process with Two-Stage Compression.
pm ¼
�
Pcryop0

�1
2 (19)

Pcryo is the final pressure of 650 kPa. Converting this cryogenic
work from moles of incoming gas to work per mass of oxygen
produced

wcryo ¼ wcryo

 
_nT
_n1p

!�
1

MO2

�
(20)

The factor _nT= _n1p represents the conversion from moles of
incoming gas to the moles of oxygen in the incoming gas. For
ambient air this is equal to 1 mol of air for every 0.21 mol of O2. The
molar mass of oxygen converts from moles to grams of oxygen.

Cryogenic distillation uses a large amount of energy due to
irreversibilities that arise in the process, where the amount of
energy lost depends on the size of the production. For large scale
production the losses are relatively low (compared to smaller
processes) and the gas needs to be compressed to only about
650 kPa. For small to medium scale applications the irreversibil-
ities are more prominent and the air must be compressed to higher
pressures to achieve the desired low temperatures for separation.
Major irreversible losses occur due to the inefficiencies of the
compressors, heat dissipation of the gases, unrestrained expansion
in the throttle, and heat loss to the environment. Most importantly,
in smaller systems the surface/volume ratio is larger, and thus the
relative amount of heat loss is larger as heat from the environment
creeps into the smaller volume of cooled gases.

Cryogenic distillation is almost a fully mature technology with
future improvements only to be expected from improved turbine,
compressor and heat exchanger efficiencies. For the large scale
production of several thousand tons of oxygen needed by the oxy-
fuel process, the current work requirement is 220 kWh/tn O2 based
upon a report by Foster Wheeler [21] and is 245 kWh/tn O2 from
Hong et al. [22]. This value varies significantly depending upon the
purity desired. This paper will assume a baseline of 220 kWh/tn O2

as it is comparable to the basic calculation in Equation 18 and it
Fig. 7. Process Flow Diagram for Case 2: Two-Stage Compressor and Turbine.



Fig. 8. Process Flow Diagram for Case 3: Two Subsequent Membrane Separations with Compressors and Turbines.
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provides a more competitive estimate for comparison. However,
the work requirement also varies depending on production volume.
For production between 500 and 1000 tons of oxygen the work
required by cryogenic distillation lies between 340 and 280 kWh/tn
O2 [23]. The increase is due to increased irreversibilities of the
process at smaller scales as discussed above. With increased irre-
versibilities it is necessary to increase the pressure of the incoming
gas for separation which requires more work.

Regardless of the size of the operation, a large amount of the
work required is due to the compression of nitrogen in the air. Since
air is 21% O2 by volume, the production of 1 ton of oxygen requires
the compression of 5 ton of air. A feed of oxygen enriched gas into
the Linde process requires compression of a smaller amount of gas,
and therefore will reduce the irreversible losses, since these are
proportional to the amount of feed.

3. Hybrid membrane and cryogenic process

3.1. Process methodology

It is our hypothesis that a combination of membrane and
cryogenic technology can be used to effectively produce high purity
oxygen at less than the industry standard of 220 kWh/tn O2 for
a large amount of product. A variety of systems are considered to
Fig. 9. Process Flow Diagram for Case 4: Two Subsequent Memb
test this hypothesis. The hybrid systems will also be tested against
medium scale cryogenic separation that requires 320 kWh/tn O2.

By evaluating the cryogenic process it can be seen that a large
amount of work is required to compress the nitrogen in the air. If
the concentration of oxygen in the cryogenic feed gas was 42%, the
work required in the cryogenic stage would effectively be one half
of the current amount, since only half the volume of gas would
need to be compressed to obtain the same amount of product.
Similarly, if the feed gas was 63% O2, the work would be one third as
much. Instead of compressing 5 ton of air for every 1 ton of oxygen
produced, only half or a third of the amount of O2-enriched air
would be required for the same amount of product.

The goal of the hybrid system is to produce high purity oxygen
using less work than the current standard. In other words the work
required by the membrane and cryogenic processes together should
be less than for the cryogenic process alone. Even though the
membrane process adds additional work, the work required for the
cryogenic process is decreased because oxygen enriched gas is used.

3.2. Design permutations

The general process of the design employs passing air by
a selective O2/N2 permeable membrane that has a pressure differ-
ence induced across it. This will cause a flux of oxygen and nitrogen
rane Separations with Two-Stage Compressor and Turbine.



Fig. 10. Process Flow Diagram for Case 5: Vacuum Pump.
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through the membrane. Depending on the membrane selectivity,
the oxygen flux will be larger than the nitrogen flux producing
oxygen rich air on the permeate side. The oxygen concentration is
dependent upon several factors such as the pressure ratio across
the membrane, permeability and selectivity.

This oxygen rich air then enters the cryogenic distillation stage.
Since the oxygen concentration is larger than 21%, the work
required per unit oxygen for the cryogenic process will be less than
the standard process. Several configurations and parameters will be
employed to investigate whether or not the work required in the
membrane stage is less than the work saved in the cryogenic stage.

Use of an O2/N2 permeable membrane and a cryogenic distil-
lation process allows for a variety of configurations. These include
using a compressor-turbine arrangement, a vacuum pump
arrangement, two-stage compression and two-stage membranes.
All configurations are analyzed using Eqs. (1–20) for determining
the time-dependent mol flux through the membrane and the
overall work required per ton of oxygen produced.

3.2.1. Case 1: simple compressor-turbine process
In the simple compressor-turbine process air is compressed to

a specified pressure p1 then sent to an O2/N2 permeable
membrane as shown in Fig. 6. Oxygen and nitrogen pass through
the membrane creating oxygen rich gas on the permeate side.
While the oxygen rich gas travels to the cryogenic system, the
nitrogen rich waste gas is sent through a recovery turbine. The
membrane is considered to be adiabatic and the turbine expands
the pressurized gas to atmospheric pressure. The total work for
the process is:

wCase1¼
�

wcompþ
�

_nR
_nT

�
wturbþ

�
_nO
_nT

�
wcryo

	 
_nT
_n1p

!�
1

MO2

�
(21)

3.2.2. Case 2: two-stage compressor and turbine
Similar to the previous configuration, a compressor is coupled

with a turbine, but instead of using one compressor, two-stage
compression is used (see Fig. 7) to lower the amount of work
required by compression to p1 and the temperature of the gas in the
Fig. 11. Process Flow Diagram for Case 6: Two-Stage Vacuum Pump.
membrane. While this benefits membranes with a lower maximum
operating temperature, the turbine inlet temperature will be lower,
resulting in less work recovery per unit of air. The resulting work is
found using Eq. (21).

3.2.3. Case 3: two subsequent membrane separations with
compressors and turbines

Case 3 is shown in Fig. 8. Using two membranes increases the
oxygen concentration more than the previous designs, but also adds
another compressor and turbine pair. The cryogenic work will be
decreased while the membrane work is increased. This may be
desirable in low product situations, if the cryogenic system needs to
be small, and providing extra work is not an issue. The air flow
through the second compressor is reduced as the air has already
passed through one membrane. Addition of a second membrane adds
more terms in the equation for the total work required by Case 3:

wCase3 ¼
�

wcomp1 þ
�

_nR
_nT

�
wturb1 þ

�
_nO
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þ
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3.2.4. Case 4: two subsequent membrane separations with
two-stage compressor and turbine

A combination of Case 2 and Case 3, the two-stage membrane
and two-stage compressor set-up in Fig. 9 aims to meet certain
needs. If the membrane has a maximum temperature requirement,
two-stage compressors help to reduce the membrane temperature.
The two-stage membrane process attempts to enrich the oxygen as
much as possible to reduce the work required by the cryogenic
stage. The formula used for calculating the total work is identical to
Eq. (22).

3.2.5. Case 5: vacuum pump arrangement
A variant of the compressor-turbine arrangement, the vacuum

pump arrangement in Fig. 10 utilizes only one compressor. Instead
of creating a high pressure on the feed side of the membrane, low
pressure is induced on the permeate side. This configuration has
the advantage that a smaller amount of gas is compressed than in
the previous arrangements, since the vacuum pump only processes
the enriched air that permeates through the membrane instead of
all incoming air. While this reduces the size of the required
compressor, a blower is required to feed fresh air past the
membrane which adds work and irreversibility to the system. Due
to the smaller pressures, the gas densities are lower, thus the size of
the membrane system must be larger. The total work required is:

wCase5 ¼
�

wblowerþ
�

_nO
_nT

��
wcompþwcryo

�� _nT
_n1p

!�
1

MO2

�
(23)

3.2.6. Cases 6 and 7: two-stage vacuum pump, and two subsequent
membrane separations with vacuum pump

The final two configurations, depicted in Fig. 11 and Fig. 12, add
a second vacuum pump and a second membrane, respectively. The
total work is the summation of the vacuum pumps, blowers and
cryogenic stages. The total work for Case 6 can be calculated using
Eq. (23) while the work for Case 7 is calculated from

wCase7 ¼
�

wblower1 þ
�
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Fig. 12. Process Flow Diagram for Case 7: Two-Stage Membrane Vacuum Pump.
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4. Results

4.1. Large scale (1000’s of tons of oxygen/day)

All seven configurations are compared to each other, and to the
base value for cryogenic separation of 220 kWh/tn O2. The
a Case 1: Compressor-Turbine
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Fig. 13. Separation Work for Cases 1–4 with Selec
configuration requiring the least amount of work, Case 6, is
incorporated into the current oxy-fuel combustion model to
evaluate its impact. The only system parameters are the membrane
selectivity and the pressure ratio across the membrane. While the
pressure ratio can be controlled and optimized to minimize the
work required by compressors and turbines, here all systems use
b Case 2: Two-Stage Compressor-Turbine
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the same pressure ratio of 3 to provide consistent results. The
membrane selectivity is a property of the membrane, however,
and is chosen as a ¼ 8 which is the value for some of the better
existing membranes [18] [19]. Higher selectivities decrease the
separation work while lower selectivities increase the separation
work.

For the two-stage membrane systems, the permeation time for
the first membrane is chosen such that the overall work is mini-
mized. This is done by analyzing the system as if the second
membrane did not exist and finding the permeation time which
requires a minimum amount of work. The permeation time for the
second membrane is then allowed to vary to witness its effect on
the work over time.

The effect of varying the membrane selectivity is examined for
both variants of the design. The impact of using waste heat to
increase the temperature of the gas entering the turbine and the
impact of isentropic efficiencies are also investigated.

The subsequent plots show the total work required for separa-
tion over the dimensionless permeation time s, i.e. the time that the
feed air has contact with the membrane. The work required by the
membrane and the cryogenic stages is shown separately to
emphasize how each stage varies over time. The resulting graphs
for Separation Work vs. Permeation Time are shown in Fig. 13 for
the compressor turbine arrangements and Fig. 14 for the vacuum
pump arrangements. Here, the membrane work is the total of all
compressors and turbines, and the cryogenic work is the work for
the two-stage compression to 650 kPa for the hybrid process, while
the base value is the work required for a cryogenic system by itself.
The total work is the addition of all blower, membrane and cryo-
genic work.

This total value is compared to the base value. If the total is
above the base value the design shows potential to be an
improvement over the current standard.
Case 5: Vacuum Pump
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Fig. 14. Separation Work for Cases 5–7 with Sele
As previously demonstrated in Fig. 3, low permeation times
produce a high oxygen concentration on the permeate side of the
membrane, but the mass flow of oxygen is very low. This means
that in the compressor-turbine configurations at low permeation
times the compressor has to compress a very large amount of air to
produce a small amount of product. High permeation times
produce a large mass flow but result in lower oxygen concentra-
tions behind the membrane, which is the entry to the cryogenic
stage; this leads to high amounts of work for the cryogenic stage.

As seen in Fig. 13, due to smaller amount of gas processed, the
cryogenic work is substantially decreased from the original
220 kWh/tn O2. As permeation time increases, the cryogenic work
slowly increases toward the base value, since, as time progresses,
the feed concentration of oxygen decreases, as more nitrogen
passes through per molecule of oxygen (Fig. 3). As the partial
pressure of oxygen on the feed side decreases, the oxygen flux
through the membrane decreases. The initial concentration of
oxygen through the membrane is thus the highest and would result
in the least amount of cryogenic work.

The work required by the membrane stage is a maximum at
a permeation time of zero. When the membrane first operates, the
number of molecules which permeate through is small, even
though the oxygen concentration is high. This means that at short
permeation times, to get 1 unit product of oxygen, the compressor
needs to compress a large amount of air. Since the compressor and
the recovery turbine are irreversible, a large amount of work is lost
due to the large air flow required. Therefore, as will be seen, for
each case the minimum amount of work for the process is
a compromise between the optimum cryogenic and membrane
scenarios.

For the vacuum pump arrangements, a fan, or blower, is required
to force air past the membrane. If no fan is present the air would be
stagnant on one side of the membrane preventing continuous
Case 6: Two-Stage Vacuum Pump
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operation. The fan also helps to ensure thorough mixing of the gas
replacing oxygen depleted air with fresh air. Incorporated into the
blower work is the small amount of compression work needed to
counteract friction loss in the pipe. This friction loss is conserva-
tively approximated through fluid mechanics and is dependent
upon the pipe dimensions, the air velocity and the friction factor of
the membrane. Similar to the compressors, the work for the fan
varies depending upon how much oxygen is absorbed through the
membrane. The blower work is small in comparison to the
compressor work except at low permeation times when the blower
work will be significantly higher due to the small amount of gas that
passes through the membrane. This implies that the blower has to
provide a large amount of air.

The separation work for the vacuum pump arrangements is
shown in Fig. 14. The work required for both the membrane and the
cryogenic systems benefit the most from low permeation times.
This is expected as both the vacuum pump and cryogenic
compressors only process air that passes through the membrane.
Again, at low permeation times the oxygen concentration is higher
resulting in less work per unit oxygen.

The effect of varying the membrane selectivity, adding waste
heat to the turbine gas and using different isentropic efficiencies is
investigated next, in Figs. 15–17. As can be seen from Fig. 15, selec-
tivity plays a large role in the total work required for separation.
Membranes with a selectivity of 4 have a significant disadvantage
over higher selectivities with both Cases 2 and 6 falling well below
the base value of 220 kWh/tn O2. Additionally, the reduction in
separation work between a selectivity of 8 and 12 is small in
comparison to the difference between selectivities of 4 and 8.

The addition of heat to the turbine inlet for Case 2, shown in
Fig. 16, makes a significant difference in regards to the total work
required. A difference of over 40 kWh/tn O2 can be seen from an
increase in temperature of 80 K allowing for the total work to be an
improvement over the base value.

An increase in isentropic efficiencies of the compressors and
turbines also benefits the hybrid design as can be seen from Fig. 17.
At an efficiency of 85%, for all compressors and turbines in Case 1,
the hybrid design requires 50 kWh/tn O2 more work than the base
value at the same efficiency. At 95% efficiency, however, the hybrid
design has a minimum work almost equal to the base value. This
emphasizes the importance and effect that increased efficiencies
can have on a design due to decreased irreversibilities.

Plotted in Fig.18 is the total work for Cases 1–4 (left) and Cases 5–7
(right). None of the compressor-turbine arrangements, Cases 1–4,
surpass the base value. The two-stage membranes of Cases 3 and 4 are
especially poor while Cases 1 and 2 give similar results close to
250 kWh/tn O2. For the vacuum pump arrangements both Case 5 and
6 are above the base valuewhile the two-stage membrane, Case 7, falls
below the current standard.
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Since Case 6 requires the least amount of work at approximately
190 kWh/tn O2 for a given permeation time, the effect of this hybrid
air separation unit on the oxy-fuel system is analyzed. From
Kvamsdal et al. [7] the impact to the efficiency of a gas turbine
combined cycle plant from oxygen production is 8.8%. Approxi-
mately 6.4% is from the production of oxygen while the remaining
2.4% is required for compression in preparation for combustion. As
discussed in Section 5.2 the hybrid process is substitutable to the
cryogenic separation unit in terms of overall integration to the oxy-
fuel process. Thus for an oxy-fuel plant originally expected to
produce oxygen at 220 kWh/tn O2, Case 6 reduces the work penalty
from 6.4% to 5.5%. The work penalty for oxygen production and
compression is similarly noted in Davison et al. [24] to be approx-
imately 8% for natural gas combined cycle plants.

4.2. Small scale (100’s of tons of oxygen/day)

Though the intended goal of the hybrid system is large oxygen
production for the oxy-fuel process, the idea has opportunities in
smaller production applications. Operations which require
between 500 and 1000 tons of oxygen per day currently require
between 340 and 280 kWh/tn O2 using cryogenic distillation. This
increased work demand is due to the additional losses and ineffi-
ciencies associated with smaller production.

For comparison of the hybrid system to the cryogenic process for
smaller production, the work required for the cryogenic process
alone is set as 320 kWh/tn O2, the value for a production of
approximately 700 tn O2/day [23]. This requires a compression in
the cryogenic stage to 1320 kPa, up from the 650 kPa for large scale.
The cryogenic stage in the hybrid design is also compressed to this
pressure. The membrane stage, however, is independent of the
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increased cryogenic pressure and the work is the same as for large
scale production.

Graphs for the Separation Work VS Permeation Time for small
scale production are shown in Fig. 19 for Case 1 and Case 6. The
work required by the membranes and blowers is identical for small
and large scale production. Compared to large scale processes, the
cryogenic work for both the hybrid and standard design are
significantly increased. Both Case 1 and 6 show improvement
against the small scale benchmark of 320 kWh/tn O2.

The total work for Cases 1–4 is plotted in Fig. 20 (left) for
comparison while the total work for Cases 5–7 is in Fig. 20 (right). In
the compressor-turbine arrangements both Case 1 and 2 surpass the
base value while Case 3 and 4 are below the current standard. In the
vacuum pump arrangements all three cases supercede the base value
with Case 6, the two-stage vacuum pump, requiring the least amount
of energy at 240 kWh/tn O2. The amount of work required by Case 7,
the two-stage membrane, is approximately 290 kWh/tn O2.
5. Discussion

5.1. Evaluation of hybrid air separation unit

For comparison of the different configurations, the total work
required for large scale separation of each configuration is shown in
Fig. 18. By analyzing Fig. 13 through Fig. 20 several conclusions can
be deduced about the hybrid membrane and cryogenic systems.

The first deduction relates to the benchmark of 220 kWh/tn O2

currently required to produce oxygen in large quantities using the
Linde process. Only the vacuum pump scenarios produce results
that show a decrease in work requirements but only at small
permeation times. The primary benefit, as seen in Fig. 14 a,b, is the
relatively constant amount of work needed for the membrane stage
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Fig. 18. Separation Work for Cases 1–4 (left) and Cases 5–7 (right) in Large Produ
compared to the compressor-turbine configuration. From Fig. 15,
however, it is important to note that the selectivity plays a deciding
role in the total work required.

Another deduction is that any two-stage membrane system will
require too much work to be practical in the separation of air. The
work required for separation is large because of the small amount
of product that comes out of the second membrane. A significant
amount of oxygen that passes through the first membrane is dis-
carded at the second membrane. When calculating the overall work
for the system per unit mass of O2, the work done by the first
compressor is dependent on how much oxygen permeates through
the second membrane. Even though the oxygen concentration is
high after the second membrane, the overall percentage of oxygen
captured from the ambient (source) air is very low. Thus, the first
membrane system has to process a lot of air in order to produce
1 ton of oxygen for the cryogenic stage. Recall, that the losses in the
compressor-turbine assembly are proportional to the total amount
of gas passing through.

Configurations that involve two-stage compression generally
require more work than those with just one compressor, see Case 1
to Case 2 in Fig. 18 (left). In two-stage compression the compression
work is significantly less but, since heat is rejected during inter-
cooling, the recovery turbine produces substantially less work than
in the single compressor case. For Case 5 and Case 6 in Fig. 18
(right), however, since no recovery turbine exists, it is more bene-
ficial to use two-stage compression.

Membrane selectivity also plays a pivotal role in the energy
required for separation. Fig. 15 compares the separation work for
membrane selectivities of 4, 8, and 12. It can be seen that the work
decreases for higher selectivities as oxygen permeates through the
membrane much easier than nitrogen. It is also notable that the
decrease in work associated with a selectivity of 8 compared to 4 is
much larger than a selectivity of 12 compared to 8. This implies
that, as the selectivity approaches high values, its benefit towards
the system becomes smaller. Thus if extra cost or maintenance is
required to produce a high selectivity membrane it may be more
cost effective to use a membrane with a lower selectivity and take
a larger energy penalty.

For the compressor-turbine arrangement the possibility of
adding heat to the turbine inlet gas is investigated. This heat could
come from any potential waste heat of the power plant. This may
include cycling a pipe through the boiler, removing heat from the
water after it goes through the steam turbine or heat from the flue
gases. Heat should only be added to the stream if it can benefit the
overall efficiency of the power plant. Otherwise one would remove
heat that could be used elsewhere to facilitate the generation of
power. For the compressor-turbine arrangement of Case 2, the
effect of a different temperature at the turbine inlet can be seen in
Fig. 16. Increasing the inlet temperature by 80 K allows for the
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entire arrangement to require less work than the benchmark of
220 kWh/tn O2. Although raising the temperature by 40 K is not
enough to match the current standard, it gives a substantial
reduction in the overall work. Thus, if any excess heat is available in
the system, it should be utilized to heat the turbine inlet gas.

5.2. Integration of hybrid design into the oxy-fuel process

The hybrid air separation unit involves both cryogenic and
membrane technologies which have to be integrated into an
existing or new power plant in order for the plant to operate with
sequestration. The overall plant set-up with the hybrid separation
unit however is identical to those previously presented for a power
plant with oxy-fuel combustion [25]. The only modification
involves the air separation unit which would now consist of both
the cryogenic and membrane technologies.

Integration of the cryogenic unit has been previously investigated
for a variety of cases including advanced supercritical pulverized fuel
and natural gas combined cycles [25–28]. Both plants require the
high purity oxygen to be mixed with the recycled flue gases to
control the adiabatic flame temperature. In view of the fact that the
outputs of both a standard cryogenic unit and the hybrid unit are
pure oxygen, the integration of oxygen flow to a combined cycle
plant would be identical to those previously researched. For the
hybrid unit however, the majority of the equipment for the cryogenic
component would be smaller as less than half of the gas is required in
the input to produce the same output. This is further discussed
within the recommendations section of the report.

Integration of the membrane unit could provide challenges due to
large scale implementation of the technology. Though it has been
suggested that high selectivity O2/N2 polymer membranes have the
potential to be mass-produced for larger commercial applications
[16] [19], no current demonstrations have been made. This produc-
tion is essential as the membrane area needed for a typical power
plant is very large in comparison to the current membrane
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applications. From an overall process perspective however the
membrane unit is simple; the inlet is ambient air taken from the
environment, the outlet is enriched oxygen fed to the cryogenic unit
and the waste gas, consisting primarily of nitrogen, is expanded and
released back to the environment. If the compressor-turbine
arrangement is utilized instead of the vacuum arrangement, any
excess heat from the flue gases could be used to increase the work
recovered from the turbine. The impact of heating the waste gas can
be seen in Fig. 16.

As mentioned in the large scale results section, the hybrid
system could increase the efficiency for the entire oxy-fuel plant by
0.9% based upon the chosen parameters. This efficiency could be
further increased through advancements in either polymeric
membrane or cryogenic technology. To fully realize the benefits and
shortcomings of the hybrid design on the oxy-fuel process
however, studies such as those by Liszka and Ziebik [29] and use of
simulation software such as Aspen Plus� are required. This would
give insight into further optimisation possibilities with more
control over variable parameters such as pressures, temperatures,
equipment efficiencies and mass flows. The current cryogenic
model of two compressors could also be enhanced potentially
leading to further work reductions.

5.3. Comparison technology

Another membrane technology which has made significant
progress toward the mass production of oxygen is the oxygen
transport membrane. This ceramic membrane operates at high
temperatures upward of 900 �C and transfers oxygen through the
membrane wall by a difference in partial pressure that is 100%
oxygen selective [30]. The general process is similar to that of the
compressor-turbine membrane stage in Fig. 6 except purities of
close to 100% are achievable.

Pfaff and Kather [26] show that ceramic membranes can
produce oxygen using 585 kWh/tn O2 of thermal energy and
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20 kWh/tn O2 of electrical energy for a given scenario. In the oxy-
fuel process most of this energy comes from the combustion flue
gases which make it difficult to compare directly to the 190 kWh/tn
O2 of electrical energy found to be required by Case 6. When the
potential of the ceramic membrane for oxygen supply to the oxy-
fuel plant is compared to that of cryogenic distillation however, no
appreciable efficiency benefit was found for the hard coal fired
reference plant. It should be noted that Praxair’s ceramic
membrane oxy-fuel process predicts a 4.6% improvement in HHV
efficiency over cryogenic oxy-fuel pulverized coal combustion,
though this claim is based upon preliminary findings [31].

The membrane operating temperature is also a point of
comparison between technologies. The polymeric membranes for
the hybrid process operate at near ambient temperatures preventing
any requirement of pre-heating or cooling of the inlet gas [1].
Ceramic membranes however operate at temperatures greater than
900 �C but are able to produce pure oxygen without additional
separation.

From a preliminary analysis the ceramic membrane technology
would require a much higher degree of integration to the oxy-fuel
process than the hybrid system. This is primarily due to the large
thermal requirement for the membranes to operate at high
temperatures. The ceramic technology is however much further
advanced in terms of academic research and implementation. One
of the major problems to be overcome is the large energy penalty
associated with heating the air to 900 �C for the membrane to
operate. Some of the energy can be recovered from the waste gases
but the process efficiency suffers. Another issue is the current
instability of the membrane material with CO2 [30].

6. Recommendations

Based upon the above evaluation several recommendations can
be made regarding a hybrid air separation unit.

As briefly discussed by Baker [10], the compressor-turbine
arrangements require a large amount of work to separate air into its
constituents, which makes it inferior to the current system in use.
However, in a power plant environment where waste heat can be
taken to heat the waste gas before the turbine, a hybrid system may
become worthwhile. Additionally, as membrane materials are
improved, selectivities will increase, allowing for this arrangement
to become a more viable option.

The systems tested in this article focused on oxygen production
for use in the oxy-fuel process, which requires large oxygen
production of several thousand tons of oxygen per day. However, the
hybrid system may be better suited for small to medium applications
to replace cryogenic systems that produce oxygen in the order of one
hundred tons/day. One problem for large scale production is the
surface area of membranes that would be required to produce such
a large quantity of oxygen. On the other hand, smaller cryogenic
systems are more inefficient than larger ones due to energy loss
associated with smaller volumes of air. The hybrid system would
benefit from this; while the work from the cryogenic stage depends
on the size of the operation, the membrane work would stay the
same as it operates closer to ambient conditions. Again, from the
results presented above, the recommended design is a vacuum pump
system (Case 6).

Several benefits of using a hybrid system, regardless of the scale
of the operation, include the possibility of downsizing the cryo-
genic system by up to 50% depending on the concentration of
oxygen in the enriched air. Other opportunities may exist in
a redesign of the cryogenic stage. While some current designs
require two distillation columns to produce high purity oxygen, the
possibility exists to limit this to one column if the purity of oxygen
entering the cryogenic system is high enough. Optimization of the
cryogenic stage with oxygen enriched air could lead to further
reductions in work for the hybrid system, allowing for it to become
a more viable alternative. The detailed discussion of this is beyond
the scope of this paper, but further investigations are warranted as
they may reduce the overall cost for oxygen production.

The thermodynamic model used in the above analysis is based
upon several assumptions. A primary assumption is that no pres-
sure is lost on the feed side of the membrane. In actuality the
pressure will decrease slightly from friction and permeation of the
gas. Though this loss would be small overall, it is not accounted for
in the analysis. The membrane is also assumed to be adiabatic. This
implies for the compressor-turbine arrangements that the outlet
temperature of the compressor is the inlet temperature of the
turbine. Through heat loss in the membrane stage some heat would
be transferred to the ambient surroundings, decreasing the waste
gas temperature, which would effectively reduce the work output
of the turbine. Another part of the model which should be looked at
in greater detail is the cryogenic stage. Although the two-stage
compression represents a major part of the cryogenic work, a full
analysis should be done on an industrial process to determine the
full effects that a hybrid process would have.

Another major assumption is that the gas on the feed side is
thoroughly mixed. This means that at all times along the membrane
a cross-sectional volume of gas has the same composition. If the
gases are not thoroughly mixed, oxygen depleted gas could be
stagnant along the membrane while gas higher in oxygen
concentration would flow through the feed side without passing
through the membrane. This would result in a larger amount of
compressor work as more gas would have to be processed to obtain
the same amount of product.

7. Conclusions

Thermodynamic models were used to test the possibility of
reducing the work required to produce high purity oxygen using
a hybrid membrane and cryogenic system. Several permutations
were evaluated including a compressor-turbine, vacuum pump,
two-stage compression and two-stage membrane systems. The
compressor-turbine arrangements were deemed unsuccessful
without heat addition while the vacuum pump configuration was
an improvement of the current system pending a minimum
selectivity of approximately four. Both ideas have merit in certain
applications, most notably small to medium scale production. The
effect of the hybrid design on the oxy-fuel process was also
analyzed and found to improve the process efficiency by 0.9%.

This method can also be used to decrease the size of the cryo-
genic equipment. If only half of the volume of (enriched) air needs
to be processed due to a higher oxygen concentration, compressors,
piping and distillation columns can all be reduced in size. Further
optimization possibilities exist for a cryogenic system which
utilizes oxygen enriched gas instead of air. This includes reducing
the number of distillation columns and a potential decrease in
initial compression pressure.

The overall benefit of a hybrid system is that improvement to
either membrane or cryogenic technologies will improve the
hybrid system as well. With the numerous oxygen production
plants existing around the world, and the potential for even more
with the oxy-fuel process, any reduction in work requirements will
benefit the industry substantially.
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Appendix A
A.1. Derivation of Eq. (8)

Calculation of the initial oxygen concentration of the permeate
stream is non-trivial as the initial amount of each component on
the permeate side is equal to zero. As seen from Eq. (6), substitution
of the initial amount of moles would then result in a division by
zero. It is then necessary to evaluate the initial mole concentration
at an infinitesimal time Dt as this time approaches zero. Using
Eq. (6), the mathematical argument is as follows

X1pðs ¼ 0Þ ¼ lim
Dt/0

X1pðDtÞ ¼ lim
Dt/0

n1pðDtÞ
n1pðDtÞ þ n2pðDtÞ (25)

Since the initial mole amounts on the permeate side are equal to
zero, n1p(s ¼ 0) ¼ n2p(0) ¼ 0, Eq. (25) can be written as

X1pðs ¼ 0Þ ¼ lim
Dt/0



n1pðDtÞ�n1pð0Þ

�

n1pðDtÞ�n1pð0Þ

�
þ


n2pðDtÞ�n2pð0Þ

� (26)

By multiplying the numerator and denominator by 1/Dt and
evaluating the limit, Eq. (8) can be achieved

X1pðs ¼ 0Þ ¼ lim
Dt/0



n1pðDtÞ � n1pð0Þ

�
Dt


n1pðDtÞ � n1pð0Þ
�

Dt
þ


n2pðDtÞ � n2pð0Þ

�
Dt

¼

dn1p

ds
dn2p

ds
þ

dn1p

ds

ð27Þ
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